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Abstract. There are two kinds of very naturaly introduced quarter-symmetric
connections on both kinds of Kaehlerian spaces, elliptic and hyperbolic. Both of them
are constructed over fundamental tensors and both are metric. But one of them is an F-
connection (an uncompleted one) and the other one is not. In this paper, we try to
construct a complete quarter-symmetric metric connection, which will be an F-
connection or a "nearly" F-connection. (MSC 2002: 53430).
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1. INTRODUCTION

Since Hayden has in 1932 has introduced the idea of a metric connection with non-
zero torsion, this topic has been studied by many authors. For example, Yano studied
some curvature and derivational conditions for semi-symmetric connections in Rieman-
nian manifolds. Some other cases of semi-symmetric connections on spaces with F-struc-
tures (Kaehlerian and hyperbolic Kaehlerian) have been studied by M. Prvanovi¢ and the
present author in papers (3), (4). These connections were metric F-connections. Since
Golab has introduced the idea of a quarter-symmetric connection on any differentiable
manifold, this topic has also came into the focus. Mishra and Pandey in (2) have studied
quarter-symmetric F-connections in Riemannian manifolds with F-structures and Yano
and Imai in (6) studied quarter-symmetric metric connections in Riemannian, Hermitian
and Kaehlerian manifolds. The present author considered some curvature conditions of
two kinds of quarter-symmetric metric connections on a hyperbolic Kaehlerian space in (5).

The aim of this paper is to give some supplement to the results of paper (5), avoiding
much of the curvature theory and to give a possibility to previously defined natural
quarter-symmetric connection, which is a metric connection, to be exceptionally an F-
connection, or something most close to it.
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2. ON A HYPERBOLIC KAEHLERIAN MANIFOLD

A hyperbolic Kaehlerian space (manifold) is an even-dimensional pseudo-Riemannian
manifold with an F-structure satisfying

ik i
FFf =6, (2.1)
k
Ej =F; 8k :_Fjia (2.2)
V. Fi=0, (2.3)

where V stands for the Levi-Civita covariant differentiation operator in the underlying
Riemannian manifold. By (2.2), the isomorphism F' transforms (sends) any tangent vector
into an orthogonal one; as the structure has # linearly independent eigenvectors, they are
null or isotropic. That is the reason for being so geometrically different from
(elliptic)Kaehlerian spaces, even if differences may formally be very small.

There are tangent vectors of positive scalar square, negative scalar square and null
vectors. Null vectors may not be eigenvectors for the structure. There are several kinds of
special bases of tangent space, which we can use if we find it convenient.

3. A QUARTER-SYMMETRIC METRIC CONNECTION

According to Yano and Imai (6), if there is given a quarter-symmetric onnection %
with torsion tensor

Tjy = pjAi = i (-1

; being components of a 1-form and Al components of any (1, 1) tensor) and if it
g i y

should be a metric one
V,g; =0, (3.2)

then its components will have the following form

A[jk = {;k} - PkU;JFPij[ - P[ij, (3.3)
where
_1 o1
Uy —7(Ag_Aji)asz _7(Az'j+Aji)‘ (34

On a hyperbolic Kaehlerian space there are two fundamental tensors; one of them is
symmetric and the other one is skew-symmetric. It is very natural to construct a quarter-
symmetric metric connection over them.

If V;=g;and U; = F;; then

Aijk :{;k}_ka; +Pj51€ _pigjk, (3.5)

and these are components of natural quarter symmetric metric connection, which has
been introduced in (5). The same kind of connection exists in (elliptic) Kaehlerian space (6).
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If V;=0and U, = F; then
Ny ={} = piFj (3.6)
and these are components of special quarter-symmetric metric connection, which also
has been introduced in (5) and which also exists in (elliptic) Kaehlerian spaces (6).
If U; = 0 and V}; = g;; then we obtain components of semi-symmetric metric connection.

The connection with components (3.6) is an F-connection. The connection with com-
ponents (3.5) is not an F-connection.

4. F-CONNECTIONS WITH V;;# 0

It is easy to prove that a semi-symmetric connection is never an F-connection. If we
suppose that it is, then

PiFlg =498k —PiFii +49:85 =0, 4.1

where ¢, = p,F j“. Then, after contracting by F* we obtain for both cases p; = 0

Now we want to find a connection with coefficients of a type
A[jk ={§‘k}+Piji _Piija (4.2)

(Vi 1s being a symmetric tensor) which is an F-connection. We will calculate separately
for hyperbolic and elliptic Kaehlerian space.

If we suppose that the connection with coefficients (4.2) is an F-connection, then, for
both cases, there holds

—PViFy—aVy —PViFi +qVy =0. (4.3)
For the hyperbolic Kaehlerian space, after transvection by F, li th , we obtain

a Vi = PVaF = p Vi + piViy =0. (4.4)
After transvection by ¢', we can obtain

1
Vi =—1p'Vap —aVud'), (4.5)
p

where p stands for the length of generating 1-form p if it is not isotropic.
Applying (4.5)to itself, we obtain

1 i a i_a 1 s
Vi =?[p P ViabiPi = P'q Vmptqk]—FV;mq a. (4.6)

Then, as the tensor V; is supposed to be symmetric, there must hold
L pai = P4y

2. V4, =Vuq ‘q,
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From 1), there immediately holds p> p,=0 i. e. p =0 and the generator is isotropic.
From 2), we get
Viad“d" 4, =~P*Viud"
As the generator should be isotropic, then we get from (4.4)
PVipi=4Vnd"; 4.7
denote ¥/ p, by v,and ¥,.¢' by u;. Then

PiVi = 4y (4.8)

But, from 1) there holds
Pl =4V
and, consequently
u, =av; q, =+p,.

This means that p, is an eigenvector for the structure, as eigenvalues for the structure
are £ 1 then ¢, = £ p,. Then we can rewrite (4.4) in the form
piVaF £Vi) = p,(VaF £Vy). (4.9)

Let o, be such a vector that p,@’ = 1Then

ViFl £V = p, o (V. F £V,).

1

Denote V, F +V,, by B;; Then
1. B, =po'B,
2. B,F!=%B,.
As the tensor B depends on the tensor V, as the last one is symmetric and, in some

sense, eigenvector for the structure, the only way to fulfill 1) and 2) is
Vi =app;. (4.10)

i

Then the quarter-symmetric metric connection of form (4.2) degenerates to Levi-
Civita connection.
For the elliptic case, there holds from (4.3)

9V + prijtj =gV + pVaF . (4.11)
Then,

1 i
Vie = > [4Vq' = p'Vip, ). (4.12)
Applying (4.10) to itself twice, we obtain

1 ; ; 1
Vie = ?[Plpan - P'q Va0 1+ ?Vkaqaéb.
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As V'is symmetric, then
Pk = Pr4:- (4.13)
After transvection by ¢’ (as forms p and q are mutually orthogonal) there holds
p’p; =0. (4.14)

As the metric tensor of an elliptic Kaehlerian space is positive definite, then p, = 0 and
such a connection also degenerates to Levi-Civita connection.
We proved

Theoreml. On a Kaehlerian space, elliptic or hyperbolic, no metric connection with
torsion of the form 7 /’k =p jA,i - Dk A;, where 4; # 0 is symmetric, is an F-connection.

Then, if we consider the connection
Ny =ad = piFj+pVi= PV (4.15)
(the tensor ¥ being symmetric), we can expose it in this way
Ny =Ly +p Vi = pV, (4.16)

where L}k are components of a special quarter-symmetric connection (5), which is a metric
F-connection, we can repeat the all considerations which lead to the Theorem 1. These
considerations do not depend on the fact that Levi-Civita connection is symmetric, but on
the fact that it is a metric and F-connection. So, in a very analogous way, we can prove
that there holds

Theorem 2. On a Kaehlerian space, elliptic or hyperbolic, no metric connection with
coefficients of the form (4.13), where V; # 0 is a symmetric tensor, is not an F-connection.

5. THE RECURRENCE OF THE STRUCTURE

As we have no more than just one metric quarter-symmetric F-connection, it naturally
raises the question is there any quarter-symmetric metric connection such that the struc-
ture is recurrent towards to it.

First, we consider the connection (4.2). Supposing that it gives the recurrence of the
structure, we obtain

- PinSFs_/ +pVy Fg - p_/‘VkSF[s + PSij Fig =riFy. (5.1
Contracting (5.1) by F/ for a hyperbolic and elliptic space simultaneously, we obtain
in,f ip’Vik ¥ ijkj iijkj ==tny,. (5.2)

The left-hand side evidently vanishes for both cases. Then the idea of being recurrent
reduces to the idea of being parallel.
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If we, however, consider the connection of type (4.13) (or, as well, (4.14)), the covari-
ant derivative of the structure will look as the left-hand side of (5.2). So, we can state

Theorem 3. On a Kaehlerian space, hyperbolic or elliptic, the structure's covariant
derivative never has the form Vi F; =y, Fy for metric quarter-symmetric connection of
types (4.2) or (4.13).

6. THE NEARLY F-CONNECTIONS

As we have got unsatisfactory answers to our previous questions, we shall consider
our natural quarter-symmetric metric connection, whose coefficients are given by (3.6)
and to check the possibility that it satisfies the condition

ViV =V V,F; =0, (6.1)

or,equivalently,

y

(6.2)

s

K K _ s
—RiuFy — Ry Fiy =TV,

A connection satisfying the condition (6.1) (or(6.2)) will be called a nearly F-connection.

We consider the natural quarter-symmetric metric connection since it is the only
complete connection of such a kind, generated by both fundamental tensors. First, we
shall need some results from the curvature theory of such connections. They have all
been proved in (5) and all are valid either for hyperbolic or elliptic Kaehlerian spaces.

Ry = Ky — uPij + &Py — i Pii + &P + P PiFy + pipiF i —

(6.3)
- pjkail - piplF_/ks

~ 1, . . .
where py; stands for vV, p. - p,p, + p,q; t S PP"8y () is a gradient and g, = F p, . Further,

in (5) it has been proved that

1 P | .
pp=———— (R, —(n=3)R,JFf ———p.pg ., 6.4
P;Di (n—2)(n—4)[ Jjk (n—=3) k]] / n_4P5P 8 (6.4)
—;[R —(n-3)R ]+L SF (6.5)

P =)=y gl g PP e |

1 K-R 1 1 ,

=— [K,-R, —g, - R.-R,)———p.p°F,, (6.6
plg n_2[ Jk Jk g]k 2(71—1) (n—2)2( kj jk) n_4p3p Jk ( )
Ry F* =20n-2)p,p°, (6.7)
R F* ==2(n-2)p,p* (6.8)

We shall interpret (6.2) using (6.3-8). Due to delicateness of this work, we shall
operate on the left and right-hand side separately.
On the right-hand side of (6.2), we obtain, for both kinds of spaces



Some Quater-Symmetric Connections on Kaehlerian Manifolds 307

_2pikal/ - 2pkpigl/‘ — P48 — pk‘lij' +pP;8y T pjka}i + 2plpiFk/' + 6.9)
+2p,p,8y + P14,&x + P4 Fi — P, P18 — PP Fi '

Now we shall separate our spaces. We shall consider the hyperbolic case first.
After the contraction by F™* (6.9), we get on the right-hand side for the hyperbolic case

(n+2)p1q; —(n=2)pip; —q;p; — 414, (6.10)
On the left-hand side of (6.2), we obtain by using (6.3-8), for both cases
Fy(pa + i) = Fy(py + 4 + Fy (P + pia;) = Fy(py + pig;) +
+8uF (P +4,0) = &k (P +a,p) + &l (P +4,01) — &7 (Pys +4,01)
or

1

2 Fy +KlsEsgjk _Klstsgik +K Figy —

[KkiFlj _Kliij + Kkijl _Klj
s 2(n—-4)
Ko 8,143, 5

(Rk'Flj —R,F; +RyF, - R;Fy +R13'F;'ngk _RlsF;gik +

i i

s s 2(}’!—3) N
+R Fi gy — R g, _m(RikF}j — R Fy + Ry by =Ry Fy + R F gy — (6.11)
LR, Flg + RyFlgy ~RyFg )+ PP (B E -

' i T a8yt sk igjl)+ 4 ( Wl vl T 88y gﬂgkj)-l,-
K—-R
+ (n—1)(n—2) (Fy8u —Fy&u + F18y — Fu&y)-

For the hyperbolic case, after contraction (6.11) by F**, we obtain

1 . 2 s
- (n-3)K; + K, F F} +Kgy) +E((n ~3)R; + Ry, F}F + Rg,) -

; (6.12)
8PP

2(n—3) L)
(n-2)(n—-4)

T2 DR T 4 Rey)-

Then (6.12) equals to (6.10). Transvecting (6.12) by g’ we obtain

4(n-3)

2K +4R+———
(n—2)(n—4)

Transvecting (6.10) by g, we obtain
~(n+D)p,p°.

Then, for the hyperbolic Kaehlerian space, there holds

2_
n°—Tn+11 R

2K+4—"———
(n—=2)(n—-4)

=—(n+1)p,p°. (6.13)



308 N. PUSIC

Now, we shall transvect (6.12) by F. We obtain

Q=1 +9n% =27n+20
(n—2)(n—4)

4p,p

Then, for the hyperbolic Kaehlerian space, there holds

W= +9n7 =270 +20

4 =—(n+3 ¢
PP ) (n+3)p,p
and, consequently:
p.p” =0, (6.14)
2 —
2K =g =Tt o (6.15)
(n=-2)(n-4)

So, we have proved

Theorem 4. If the natural quarter-symmetric metric connection on a hyperbolic
Kaehlerian space should be a nearly F-connection, it is necessary to be p, p* = 0 and

o nt=Tn+l1l
(n=2)(n—-4)

Now we turn our look to the elliptic case. First, we shall transvect right-hand side
(6.9) by F*. We obtain
npp; —(m+0)pq; +p;q—q,9;- (6.16)

Then, we transvect (6.11) by F* and get

1 .
E((3 —n)K; + K, FJF —Kgy)+

2 ) .
+m((3_")RIJ —Rgy + Ry FyF =2(n=2)p,p*Fy) -
2n-3) o ) (6.17)

4np_p° K-R
+ & F, - .
n—4 0T o1

Then (6.17) equals to (6.16). Transvecting (6.17) by g’l, we obtain

3n-2 n+2n—4
K+
n—1 (n=2)(n-3)

Transvecting (6.16) by g, we obtain

(n—1)p,p".
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Then, there must hold

— 2: —
(n=l)p,pt =N Lg =274 o (6.18)
n—1 (n—2)(n-3)

Transvecting (6.17) by F, we obtain

n*+2n-4 a
4d————pup
n—4

Transvecting (6.16) by F", we obtain —n p, p* Then there holds

nt+2n—4 a p
d—————p,P" =-1p,p
n—4
and, consequently p, p“ =0 As the metric tensor of an (elliptic) Kahlerian space is posi-
tively definite, we have proved

Theorem 5. A natural quarter-symmetric metric connection on an (elliptic)
Kaehlerian space cannot be a nearly F-connection.
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IZVESNE CETVRT-SIMETRICNE KONEKSIJE
NA KELEROVIM MNOGOSTRUKOSTIMA

Nevena PuSic¢

Postoje dve vrste prirodno indukovane cetvrt-simetricne koneksije na obema vrstama Kelerovih
prostora, elipticnom i hiperbolicnom. Obe vrste koneksija su konstruisane pomocu fundamentalnih
tenzora i obe su metricke. Ali jedna od njih je F-koneksija (nekompletna) a druga nije. U ovom
radu, pokusavamo da konstruisemo kompletnu cetvr-simetricnu koneksiju koja bi bila F-koneksija
ili skoro F-koneksija.

Kljucne rei:  Cetvrt-simetricna koneksija, metricka koneksija, F-koneksija, tenzor krivine,
hiperbolicka struktura.



