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Abstract. In this paper we investigate the existence of periodical solutions of the first
order differential equations

% = Ay + f(t.y)

The obtained results are applied to a differential equation, where the right hand side
contains a polynomial of the fourth degree with respect to y.
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We will investigate the differential equation of the first order

b_
= AOY /(). (1)

Definition: The right hand side of the differential equation (1) satisfies (4), if the
following conditions are fulfilled:
1) Function A(#) is defined in the interval (-oo,0), and f(zy) in D where D is a

closed area of the plane (2,y);

2) A(f) and /(1,) are ® - periodical with respect to ¢ and &0 % 1;

3) |[A(®)| < B(?), for t € [0,00], where B(f) is a nonnegative summarable function on
[0,0];

4) f(t,y) is a measurable on [0,0];

Iy D) for y(@)eD, te[0,0], where O(f) is a nonegative summarble

function on [0,®];
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6) For each series {x,(¢)}, for every n and a function x((#), such that if |[x,(t) — x,()|| = O,
n—> oo, than [|(z,x, () — f(t,x,(t)|dt > 0, n— o0, Where |x(¢)] = s[up]\x(z)\ .
0 tel0,m

The solution of the equation (1) is absolute-continuous function y = y(¢) on a finite

interval, which satisfies the equation (1). If y(f) is a solution of the equation (1), then it
is easy to show that

A(s)ds| ¢ —[aqyar

y=e | [flsy(sNe’  ds+C . 2)

If C = y(w), then y(0) = y(w) and y(¥) is an o — periodical solution. We will investigate
the operator F, so that

A(s)ds| t —b A(t)dt

Fy(t)=e' ff(s,y(s))e " ds+y(o) 3)

The following theorem is easy to show to be true (see [2]).

Theorem 1. A function y = y(¢) is an ® — periodical solution of the equation (1) if and
only if it is a fixed point of the operator F.

Assume that y = y(7) is a fixed point of the operator F. Then if t = ® we have

TA(t)dt ® —jA(s)ds
y)=e | [fGymet  di+y)],

0

]ZA(t)dt TA(t)dtco —j‘A(s)dx TA(t)dt

or y(@)(1-e )=¢° jf(t,y(t))e 0 dt, l1-e° #0.
0
Then
TA(t)dt ¢
e’ « —| A(s)ds
@) =————[f@,y@)e *  di,
IA(t)dt 0
1_ e’

and the operator F is

‘ s TA(t)dt s

jA(s)ds ‘ —[ayar ol ® —jA(x)dx

Fyn=¢ [ [flspeNe’  ds+———[fGsysDe’ ds ] @)
0

JA(t)dt 0
1-e®
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Theorem 2. Let the conditions (4) exist. If

o

TB(t)dt _[B(x)dx ].B( y
0 _ 0 (] t)dt
(ge  —De [o)er  ds<R,  |y0)|<R
IB(t)dt 0
e -1

then there exists at least one @ — periodical solution of the equation (1).

Proof. 1t is possible to prove that the operator F is continuous at |[y(#)|| < R. Operator
transforms the sphere |[y(¢)|| < R to itself. For every continuous function y(¢), |y(?)|| <R,
we have

_I[|A(s)\ds ‘ —jA(t)dt elfm)dt ® :A(t)dt
| Fy(t)|< e’ [ j | f(s,9() || e? |ds+|——— | f | f(s.y(s) |e® ds I<
0 JA(t)dt 0
1-e°
o s TB(t)dt s
_[B(t)dz ® J'B(z)dr ol ® J'B(t)dt
<e’ [ J.<I>(s)e° ds +m—j®(s)e" ds ]:
0 [Bwar
e’ -1
TB(I)dt TB(t)dt s
_ qeo i —1 le° ]_)(D(s)eoB(t)dtdS<R’
_[B(t)dz 0
e’ -1

According to the conditions of the theorem, where q is a corresponding non-negative
value, exists at least one periodical solution, so that the theorem is proved.

Theorem 3. Let the conditions (4) be satisfied and |[f(¢,y)| < M(¢)|y|, where M(?) is a
nonegative summable function on [0,®]. If

TB(I)d! qTB(r)dt
0 _ 1 0 [&]
©__"—F [M(@yar <R, (5)
J'B(z)dr 0
e -1

then, in |[y(¢)|| £ R, there exists at least one w—periodical solution of the equation (1).
Proof. The operator (4) is continuous in |[y(f)|| < R for ¢ € [0,0], and we will prove
that it transforms the sphere |[y(¢)|| < R in itself. We have

jB(x)ds , jB(t)dt IB(r)dt .
[y <e [ [lfeyele  dst———]|f(s.5(5)
0

JB(t)dt 0
e’ -1

j'B(t)dz
e’ ds ]S
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TB(t)dt N \B(t)dt TB(t)d TB(t)dt qTB(r)dt "
0 0 _1 0
<e'  R[M(s)e  ds[ 1+— |- k R[M()dt <R,
0 IB(t)dt IB(t)dt 0
e’ -1 e’ -1

because of the condition (5). Therefore, in the sphere |)(f)|| < R exists at least one ®-
periodical solution, by using the results of the Theorem 1 and the Theorem 2.
Now, we consider the equation

d
% =iy + POy + ps Oy + py(0)y* (6)
which is also considered in [3],[4]. Let the function p«(¢) (i=1,2,3,4,) be w-periodical
with respect to ¢, summable for ¢ € [0,0] and |p; (¥)| < p(¥), for a nonegative summable
function p(t) on [0,®]. Define the operator

jpl(s)dv ¢ N pi(2)dt
dy@)=e | [fspNe  ds+y(o) |, (7)
where
ft,y)=p, Oy + py(0y* + p,()y* . (™)

Let |y(?)|| £ 1. Than
YO <), [y o<|pe)] and |1 1201+ 201+ po0] e

For |y(?)|| £ 1 w-periodical solution satisfies the condition

Tp(t)dt qu(t)dt

[ ge’ -1 K

[( 2 @) +|ps @) +|ps )| <1

[Pt 0

e’ -1
Let also py(?) satisty
Tp,mdz @ —]p,mdr
1<e’ 1-[p(s)e®  ds (8)

0
Then we can express the following assertion:

Theorem 4. Let the function f(z,y) be defined by (7”), and let it satisfy the condition
If(ty)| < p1(?) for |y(#)|] £ R, and p;(¥) = 0 for ¢ € [0,0] satisfies the conditions (8). If

[P
ge’ —-1<R,

where R > 1, then in ||y(?)|| < R exists at least one w-periodical solution of the equation (6).
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Proof. Under these conditions the continuous operator (7) transforms sphere |[y(f)|| < R
into itself. We have,

[nes o e! pot, o
Ay e [ [feyeDe s dst————[F(s,p(sNe®  ds ]is
0 p(ndt o
I-e°
© s d s
[par [0 e{pl(t) - ~[pi0ar
<e’ [ Ipl(s)e 0 ds +w—J.p1(s)e 0 ds ]S
0 e{m(z)dz . 0
Tm ()i © —j py(1)dt e{plmdt
<e’ J.pl(s)e 0 ds[l-i—m— ]
0 [ Py
e’ -1
(t)dt (t)dt (t)dt ®
< e{[’l qel‘pl _l ][ e{l’l _l ] ~ quO‘p](t)dt 1 - R
- Juip|(t)d’ TM (t)dt
e’ -1 fe°
and the theorem is proved.
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PERIODICNA RESENJA
NEKIH DIFERENCIJALNIH JEDNACINA

Julka KnezZevi¢-Miljanovié¢

U radu se razmatraju periodicna resenja diferencijalne jednacine prvog reda % =A@y + f(t,y)-
t

Dobijeni rezultat se primenjuje na diferencijalnu jednacinu cija je desna strana polinom
Cetvrtog stepena u odnosu na y.

Kljucne reci: periodicna resenja, nelinearna diferencijalna jednacina



