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Abstract. The paper is aimed at controller design for the vibration suppression of a
funnel-shaped shell structure, which is a part of a complex medical device – magnetic
resonance tomograph. Control and sensing are achieved with piezoelectric actuators
and sensors attached to the surface of the funnel. State space model of the structure is
developed applying the modal analysis and reduction of the finite element model order.
Optimal LQ controller combined with tracking system based on additional dynamics is
designed. As an alternative for the controller design a direct robust model reference
adaptive control is proposed. Both controllers perform considerable vibration suppression
in comparison with uncontrolled case.

1. INTRODUCTION

Vibration control plays an important role in the design procedure of smart structures.
Active elements embedded in smart structures together with appropriate control laws
applied, enable the structure to change its behavior in accordance with changing
environmental conditions, providing thus the adaptivity of its response. Various examples
of the vibration suppression in smart structures presented in the literature (for example
[5], [7], [12], [13], [14]) confirm the need for further development and application of
smart structures. The Finite Element Method (FEM) approach can be viewed as an
efficient method for modeling specific smart mechanical structures from the control point
of view. Furthermore it can take into account dynamics of active materials (like
piezoelectrics) and offers the possibility to represent the model of the structure in the
form appropriate for the controller design using some standard FEM software. In this
paper the model-based controller design for the vibration suppression of the funnel
shaped smart structure is presented.
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Fig. 1. Magnetic resonance tomograph

2. DESCRIPTION AND MODEL OF THE CONTROLLED STRUCTURE

The structure under investigation is a funnel shaped inlet of the magnetic resonance
tomograph* (Fig. 1) used in medical diagnostics. One major problem in magnetic
resonance image (MRI) equipment is the high-level noise that a patient must undergo
during the medical treatment. Some papers like [15], [16] treated the problems of the

vibration control of a cylindrical shell
in the magnetic resonance tomograph,
as a source of the noise. This paper
deals with the controller design for the
vibration suppression of the funnel
inlet in order to reduce the vibrations
transmitted from the copper coil
around the cylindrical body of the
tomograph. The vibrations transmitted
to the funnel are considered to be a
sec-ondary source of the noise and
therefore their suppression plays an
important role in the noise reduction.

The state space model of the
funnel used as a starting point for the
controller design is obtained using the

finite element approach. Fig. 3 represents the finite element mesh of the funnel created by
the finite element software COSAR [2]. It shows the shape of the funnel (a) and
placement of the sensors and actuators (b).

Fig. 2. FEM mesh of the funnel: a) shape and b) actuator/sensor placement

The basis for the finite element description of the coupled electro mechanical behavior of
a piezoelectric smart material is a set of linearized constitutive equations [1]:

κEεeDeECεσ +=−= T, (1)

                                                          
* Product of the Siemens company

a)

Sensor 1

Excitation point 1

Sensor 5

Sensor 6

Sensor 2

Sensor 4

Sensor 3

Excitation point 2

Actuator 1
Actuator 2

Actuator 6 Actuator 5

Actuator 4
Actuator 3

b)



 Controller Design for a Funnel-Shaped Smart Shell Structure  1035

where σσσσ represents the stress vector, C is the symmetric elasticity matrix, εεεε is the strain
vector, e is the piezoelectric matrix, E is the electric field vector, D is the vector of
electric displacements and κκκκ is the symmetric dielectric matrix. The constitutive
equations together with the mechanical and electric balance equations as well as the
mechanical and electric boundary conditions represent a unique set of equations for the
coupled electromechanical problem. Assembled equation of motion of the structure
approximated by finite elements takes the form:

)()( tt uBwEKqqDqM +=++ !!! (2)

where q is the vector of generalized displacements (mechanical displacements and
electric potentials) and M, D, K are mass, damping and stiffness matrices, respectively;
the total load on the right-hand side of the equation is represented as the sum of external
forces (excitations/disturbances) and the controller contribution. Through the procedures
of modal analysis and truncation, introducing modal coordinates z, Φzq =  and the state
space vector ,][ TT zzx !=  the reduced state-space model is obatained in the form:
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where Φ  is the modal matrix, Λ  is the spectral matrix, and Φ  is ortho-normalized with
IMΦΦ =T  and ΛKΦΦ =T . The modal form of the measurement equation is expressed

by y.

3. OPTIMAL LQ AND ADAPTIVE CONTROLLERS

For the purpose of the vibration suppression in the funnel structure, discrete-time
optimal LQ tracking system with additional dynamics is designed. Additional dynamics
is introduced in the form of the matrices (formed from the coefficients of the polynomial
obtained by mapping the disturbance/excitation s-poles into z-domain). The matrices of
the additional dynamics, (ΦΦΦΦa, ΓΓΓΓa) or ),( ΓΓΓΓΦΦΦΦ , in a cascade combination with the discrete-
time equivalent (ΦΦΦΦ, ΓΓΓΓ) of the state space-model of the structure, form an augmented state-
space model, so-called design model:
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Realization ),( ∗∗ ΓΓΓΓΦΦΦΦ denotes (ΦΦΦΦa, ΓΓΓΓa) or ),( ΓΓΓΓΦΦΦΦ , depending on whether the controlled
structure is modeled as a single-input single-output or a multiple-input multiple-output
system, respectively. Feedback gain matrix L of the optimal LQ regulator is calculated on
the basis of the design model (4) in such a way that the feedback law u[k]= −Lxd[k]
minimizes the performance index (5) subject to the constraint (4), where Q and R are
symmetric, positive-definite matrices [3], [17].
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For the estimation of the state variables Kalman estimator is used. In case when D=0
and E=0 in the output equation of the state-space model (3), the Kalman estimator
equations are given by [6]:

])[][]([][][ˆ kkkkk k xCyLxx −+= ,      ]1[]1[ˆ][ −+−= kkxk ΓuΦx , (6)

where the Kalman gain matrix is:
1T][][ −= vk kk RCPL (7)

and: ][)][(][][][ 1TT kkkkk kvkkk CMRCCMCMMP −+−= , (8)
TT][]1[ εεQΦΦPM wk kk +=+ . (9)

Matrices P and Mk are determined by solving equations (8) and (9).
As an alternative a direct robust model reference adaptive controller is proposed.

Desired output behavior is specified by the output my of the reference model defined by
its state and output equations:

)()()()()( ttttt mmmmm uBxAx +=! ,       )(tmmm xCy = . (10)

The advantage of the approach can be viewed through the fact that the order of the
reference model can be much less than the order of the controlled structure. Basic form of
the model reference adaptive control law, in which the adaptive gain is represented with
its proportional and integral parts, is modified by extending the integral part [11] in order
to achieve the robustness with respect to disturbances. The control is calculated as:
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The adaptive gains )(trK  are represented as a sum of a proportional (13) and integral
part (14):

)()()( ttt Ipr KKK += (12)
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Matrices T  and T  are specified to be positive definite scaling matrices, and the σ-
term of the integral adaptive gain is introduced in order to avoid divergence of integral
gains in the presence of disturbances.

4. RESULTS OF THE CONTROL LAWS APPLICATION

For the control of the funnel the state-space model was developed by modal reduction
in the frequency range of interest, in which the calculated eigenfrequencies correspond to
the measured ones. The eigenfrequencies from the range of interest are: f1=18.598 Hz,
f2=32.685 Hz, f3=47.016 Hz, f4=62.199 Hz. Optimal LQ tracking system with additional
dynamics was designed to suppress vibrations caused by periodic excitations the
frequencies of which correspond to the eigenfrequencies of the funnel. Time and
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frequency responses of the first sensor are represented in Fig. 3 (the excitation is
sinusoidal with amplitude 1 and frequency which corresponds to the first eigenfrequency
of the funnel). Sampling time for the discretization of the continuous state-space model is
Ts=0.0001s and the weighting matrices Q and R for the optimal controller are selected to
be identity matrices of the appropriate order. The state-variables are estimated using the
current full-order estimator.

Fig. 3. Time and frequency responses of the optimal LQ tracking system

For the adaptive controller design reduced model based on the first two eigenfre-
quencies was used. Values of the adaptive gains T  and T  are 10. Excitation is sinusoidal
(frequency equal to the first eigenfrequency, amplitude 1.5⋅10-3). Uncontrolled and con-
trolled outputs of the first sensor are represented in Fig. 4a and 4b, respectively. Both the
optimal LQ and adaptive controller perform considerable vibration suppression in com-
parison with uncontrolled case.

Fig. 4. Uncontrolled and controlled outputs of the first sensor

REFERENCES

 1. Berger H., Gabbert U., Köppe H., Seeger F., Finite Element Analysis and Design of Piezoelectric
Controlled Smart Structures. Journal of Theoretical and Applied Mechanics, 3, 38: 475-498, 2000.

 2. COSAR - General Purpose Finite Element Package: Manual, FEMCOS GmbH Magdeburg



1038 T. NESTOROVIĆ TRAJKOV, U. GABBERT, H. KÖPPE

 3. Franklin G. F., Powell J. D., Workman M. L.: Digital Control of Dynamic Systems, third edition,
Addison-Wesley Longman, Inc., 1998.

 4. Gabbert U., Köppe H., Nestorović Trajkov T., Controller Design for Engineering Smart Structures Based
on Finite Element Models, SPIE’s 9th Annual International Symposium on Smart Structures and
Materials, Conference on Modeling, Signal Processing and Control, 17-21 March 2002, San Diego, CA,
Proceedings of SPIE, Vol. 4693, pp. 430-439, 2002.

 5. Gabbert U., Köppe H., Nestorović Trajkov T., Entwurf intelligenter Strukturen unter Einbeziehung der
Regelung, Automatisierungstechnik (at 9/2002), Oldenbourg Verlag, pp. 432-438, 2002.

 6. Gabbert U., Köppe H., Nestorović Trajkov T., Seeger F.: Modelling, Simulation and Optimal Design of
Lightweight Structures, Adaptronic Congress 2003, 1-3 April, Wolfsburg, Germany, Proceedings of the
Congress

 7. Gabbert U., Nestorović Trajkov T., Köppe H., Modeling, Control and Simulation of Piezoelectric Smart
Structures Using Finite Element Method and Optimal LQ Controller, Facta Universitatis, Series
Mechanics, Automatic Control and Robotics, Vol. 3, N° 12, YU ISSN 0354-2009, pp. 417-430, 2002.

 8. Goodwin G. C., Graebe S. F., Salgado M. E., Control System Design, Prentice Hall, New Jersey, 2001.
 9. Iannou P., Kokotovic P.,  Adaptive Systems with Reduced Models, Berlin, Springer-Verlag, 1983.
 10. Kaufman H., Barkana I., Sobel K., Direct adaptive control algorithms: theory and applications, Second

Edition, Springer-Verlag New York, Inc., 1998.
 11. Köppe H., Gabbert U., Nestorović T., Entwurf und Auslegung Adaptiver Strukturen unter Verwendung

numerischer Verfahren, Tagungsband: 5. Magdeburger Maschinenbau-Tage, Entwicklungsmethoden und
Entwicklungsprozesse im Maschinenbau, pp. 53-62, 2001.

 12. Nestorović Trajkov T., Gabbert U., Köppe H.: Possibilities of optimal and adaptive control laws design
in piezoelectric smart structures, Annual Conference GAMM 2003, 24-28 March 2003, Padua Italy, E-
Proceedings PAMM (to be issued)

 13. Nestorović Trajkov T., Gabbert U., Köppe H.: Vibration Control of a Plate Structure Using Optimal
Tracking Based on LQ Controller and Additional Dynamics, Proceedings of the 3rd World Conference on
Structural Control, 7-12 April 2002, Como, Italy (Vol. 3), editor Fabio Casciati, 2003, ISBN 0 471 48980
8, John Willey & Sons, Ltd., pp. 85-90

 14. Preumont A.: Vibration Control of Active Structures: An Introduction, Kluver Academic Publishers,
Dordrecht, Boston, London, 1997.

 15. Qiu J., Tani J., Vibration control of a cylindrical shell used in MRI equipment, Smart Materials and
Structures, 4 (1995), A75-A81, IOP Publishing Ltd.

 16. Tani J., Qiu J., Miura H., Vibration Control of a Cylindricall Shell Using Piezoelectric Actuators, Journal
of Intelligent Material Systems and Structures, Vol. 6 – May 1996, pp. 380-388, Technomic Publishing
Co. Inc.

 17. Vaccaro R. J., Digital Control: A State-Space Approach, McGraw-Hill, Inc., 1995.

PROJEKTOVANJE UPRAVLJANJA ZA AKTIVNU
KONSTRUKCIJU TIPA LJUSKE U OBLIKU LEVKA

Tamara Nestorović Trajkov, Ulrich Gabbert, Heinz Köppe

U radu je prikazano projektovanje kontrolera za redukciju oscilacija aktivne konstrukcije tipa
ljuske u obliku levka, koja predstavlja deo složenog medicinskog uređaja, magneto-rezonantnog
tomografa. Upravljanje je realizovano pomoću piezoelektričnih aktuatora i senzora pričvršćenih za
površinu levka. Model u prostoru stanja dobijen je na osnovu modela konačnih elemenata
primenom modalne analize i redukcije reda modela. Projektovani kontroler je optimalni LQ sistem
praćenja sa dodatnom dinamikom. Kao alternativa za projektovanje upravljanja predložen je
direktni robustni adaptivi algoritam sa referentnim modelom. Primenom oba projetovana
upravljačka zakona uočava se značajna redukcija oscilacija levka u poređenju sa slučajem bez
upravljanja.


