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Reversible Hadamard Transforms

Hakob Sarukhanyan, Sos Agaian, Karen Egiazarian,
and Jaakko Astola

Abstract: A coding method which reconstruct an original digital imagjéhout dis-
tortion is called "reversible coding”. In case of the classiblock transform coding
(Cosine, Hadamard, Haar and etc.) we have to make the nurhlesets of the trans-
form coefficient very large in order to reconstruct the inpiginal with no distortion.
In this paper we propose reversible Hadamard transformioesatr We give a recur-
sion methods for generation of various type of real and cempversible Hadamard
transform matrices of higher order and corresponding fasisform algorithms.

Keywords. Hadamard transform, reversibile Hadanard transform medtiimage
reconstruction, fast transform algorithms.

1 Introduction

In the past decade fast orthogonal transforms have beemywised in many areas,
such as data compression, pattern recognition and imagestaction, interpola-
tion, linear filtering, spectral analysis, watermarkingyptography and communi-
cation systems. The computation of unitary transforms ierapicated and time
consuming task. However it would not be possible to use tti@ogonal trans-
forms in signal and image processing applications withffetave algorithms cal-

culating them. An important question in many application$iow to achieve the
highest computation efficiency of the discrete orthogorahgforms (DOT) [1].

Among DOTs a special role plays a class of Hadamard transfdrased on the
Hadamard matrices ordered by Walsh and Paley, which can tagnedd from the

Sylvester’'s matrices by permutation of their rows [1]. Téesatrices are known
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as a non-sinusoidal orthogonal transform matrices and foaved applications in
digital signal processing and communication systems [&s%hey do not require
any multiplication operation in their computation.

The problem of computing a transform has been extensivaljiesi. Methods
to perform a discrete orthogonal transform with an esskytianaller number of
operations than direct matrix multiplication, i.e. soledlfast transforms may be
found in many publications.

In general, a fast transforiiy f may be achieved by factoring the transform ma-
trix Ty by the multiplication ok sparse matrices. Typicall = 2", k=Ilog,N=n,
and

Ton =FFp-1---Fy,

whereF are very sparse matrices so that the complexity of muligyby F is
O(N),i=1,2,...,n.
A N = 2"—point inverse transform matrl‘iff\,‘l can be represented as:

Tl =Th=(FFn1F) =FF) --F/.

Thus, one can implement the transfofff via the following consecutive com-
putations
f->Ff—->RFf)—- >R -FRFf)-).

Based on this factorization the computational complextyeduced fron©(N)
to O(NlogN). SinceF, contains only few nonzero terms per row, the transforma-
tion Ty f can be efficiently accomplished be operatingfom times. For Fourier,
Hadamard, slant transformig,contains only two nonzero terms in each row. So an
N—point one dimensional transform with above given decontjmrsican be im-
plemented iMO(NlogN) operations, which is far fewer thax? operations. Since
the Walsh-Hadamard transform functions assume only theeval and-+1, their
computation require only additions and subtractions.

The increasing importance of processing large vectors inynsaientific and
engineering applications requires new ideas for desighighly efficient algo-
rithms for various transforms. The computation of unitang énvertible transforms
is in general a complicated and time consuming task and itdvaat be possible to
use these transforms in signal and image processing apgtisavithout effective
algorithms for calculating them.

A coding method which reconstruct an original digital imag&out distortion
is called "reversible coding”. Note that in case that we usssical block trans-
form coding (Cosine, Hadamard, Haar and etc.) we have to niekeumber of
levels of the transform coefficient very large in order toaestruct the input signal
with no distortion. In this section we propose reversibledblaard transform for
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image coding. We give a recursion method for generation \érsgble Hadamard
transform matrices of higher order and corresponding fasisform algorithms.

2 Reversible Walsh-Hadamard Transform

Itis well known that the Hadamard transform, which is moktipwn as the Walsh-
Hadamard transform, is one of the widely used transformgjmas and image pro-
cessing. Nevertheless, the Walsh-Hadamard transfornsisajparticular case of
general class of transforms based on Hadamard matriceRg&jently, Hadamard
transforms and their variations have found a widely usagaigtio and video pro-
cessing [3-6, 10, 11]. Fast algorithms have been develdhe3t-16] for efficient
computation of these transforms.

In this section we introduce the recursion formulas for gatieg the reversible
Walsh-Hadamard transform matrices of orties 2".

The Hadamard matrix of order n is tlie¢-1) —matrix H,, of sizen x n satisfying
the orthogonality condition

HaHy = HT Hn = nly,

whereT is a transposition signy, is an identity matrix of orden.

One of the most known Hadamard matrices is the Sylvesteixrjag], which
is probably, the oldest Hadamard matrix of ordér @nd can be generated recur-
sively as follows [2, 13]

sz:< Hy-s Haes >,H1:(l),k:1,2,.... (1)
Hower  —Hoca

The forward Sylvester-Hadamard (or Walsh-Hadamard) teensof input column-
vectorx = (Xg,X1,...,Xn—1) (N is the power of 2) is defined 3s= Hyx. For exam-
ple forN = 2 we have

()= (1 2) (=05

In[17,18] there is paid attention to the fact thgt- x; is even (or odd), ikg+ X1
is even (or odd) and is showed that reconstruction withostodion is possible in

the following transform
Xo+ X1
< 2 ) ’
Xo—X1

where [c] is the largest integer which is not greater than c.
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By analogy with (1) we can define recursively reversible \Wetkadamard
transform matrices as

JRWHx  3[RWHx
[RW H) ¢ —[RWH]ZK>’

[RWHpii1 = (

[ RWHR S[RWH!
[RWH]2K*1_< RWH,! —iRwWH,! )’

where

(2 12) o (4 12)

Note that the conventional Walsh-Hadamard forward andsa/gransform ma-
tricesHy and HN*1 of orderN = 2" can be factored by

Hv  =AA1-AdAg,

. L 3
Hy™ = ARz -An1An,

where
Ac=lygc1® (Ha®@ k), k=1,2....n (4)
Here and trough this papey is the sign of Kronecker product defined As
B={(a,B)}.

It can be shown that the forward and inverse reversible WHlatlamard trans-
form matricesRW|y and[RW]* (see (2)) can be factored d¥ & 2")
[RWHN =BnBn_1---B2By, )
[RWHt =B'B;*---B 1By,

where
Bk =Ilx1® (Q® |2n_k), k=1,2...,n,

Blzl :Izk—l®(Q_l®|2n—k); k:1,2...,n,

_(1/2 1/2 (1 1/2
Q_< 1 —1)’ Q _<1 -1/2)°
Below there are given forward and inverse reversible Walslslamard trans-
form matrices of order 4 and 8

1/4 14 Y4 14 1 12 12 14
1/2 -1/2 12 -1/2 — 1 -1/2 1/2 -1/4
[RWH, = ( e e 2y ) [RWH,'= ( L s s i )

(6)

12 12 -1/2 -1/2 12 -1/2
1 -1 -1 1 1 -1/2 -1/2 1/4
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/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8

1/4 -1/4 14 -1/4 14 -1/4 1/4 -1/4

1/4 14 -1/4 -1/4 14 14 -1/4 -1/4

| o2 12 —12 120 12 12 —120 172
[RWHg = 1/4 14 14 14 -1/4 -1/4 -1/4 -1/4 |°

12 -1/2 12 -1/2 -1/2 12 -1/2 1/2

12 12 -1/2 -1/2 -1/2 -1/2 12 1)2

1 -1 -1 1 -1 1 1 -1

Y2 12 14 12 14 14 18
~1/2  1/2 -1/4 12 -1/4 1/4 -1/8
Y2 -1/2 -1/4 12 14 -1/4 -1/8
~1/2 -1/2 14 12 -1/4 -1/4 1/8
Y2 Y2 14 -1/2 -1/4 —1/4 -1/8
~1/2  1/2 -1/4 -1/2 1/4 -1/4 1/8

Y2 —1/2 -1/4 -1/2 -1/4 1/4 1/8
~1/2 -1/2 14 -1/2 1/4 1/4 -1/8

From (5) and (6) we can see thli—point forward (and inverse) reversible
Walsh-Hadamard transform nebdogpN additions and%logzN shifts operations,
in opposite to conventional Walsh-Hadamard transform civimeed onlyNlogpN
additions.

Below we give detailed description of fast 8-point revelsiWalsh-Hadamard

forward transform.
Example 2.1 . 8-point reversible Walsh-Hadamard forward transform.

As follows from (5) 8-point reversible Walsh-Hadamard faravtransform can
be calculated by

RWHg! =

PR RRERRERRE

X = [RW H]gf = B3BoB1X,
where x= (Xp,Xy, . ..,X7) is the input integer-valued column-vector.
Therefore 8-point reversible Walsh-Hadamard fast forw&ahsform algo-
rithm can be realized via the following 3 steps:
Step 1. Calculate Bx

X0 (X0 +x4)/2 Uo
X1 (X1 +xs)/2 up
X2 (X2 +xe)/2 u2
_ X3 _ ()(3 +X7)/2 _ us
X5 X1 —Xs Us
X6 X2 —Xs Us
X7 X3 —X7 uz
Step 2. Calculate Bu
Uo (up+ Uz)/2 Vo
up (u1+ug)/2 Vi
U2 Up — U2 Vo
u U —u V-
Bau=[20Qel)] | 2| = | s w2 | = | va (®)
Us (us+u7)/2 Vs
Us Ug — Ug Ve

uz Us — Uy \%4
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Step 3. Calculate Bv

(Vo+v1)/2
Vo—V1
(V2+Vv3)/2
Vo2 —V3
(Va+Vs)/2
V4 — V5
(Ve +Vv7)/2
Ve — V7

Bsv= (142 Q) Va =
Vs
Ve
\'%4
| £ 172
R = |
)
L - _
o ]
R
L] —w
To —f
R
g L - -
Ty |
R
L5 —w
L —
R
T

X1
X3
Xs

X7

Fig. 1. Forward reversible Walsh-Hadamard transform oogi
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Itis easy to see that each of the forward and inverse revefdiblsh-Hadamard
transforms need only 24 integer addition and 12 shift opmmat Flow graph of the
forward reversible Walsh-Hadamard transform is given ig. Hi.

Let [RH]y and [RH]! be the sequential ordered direct and inverse reversible
Walsh-Hadamard matrices, ang is thei—th column andB; is thei—th reverse
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column of[RH]y. Then the following matrices

[RH]on = [Q® AL, Q1@ Ag,...,QR AN -1,Q1 ® A,

o8
_Ql ® Bz
[RH]il\:lL = ’
Q_lf@ BLTfl
—QI ® BN

are direct and inverse sequential ordered reversible \Afaésftamard matrices of
order 2N, where

Q= ). @=(F ). o= ¥) «'=(G 7).

The direct and inverse sequential ordered reversible \Aldbtiemard matrices
of order 4 and 8 are given below

14 14 14 14
12 12 a2 1
RH2=| 12 1% 12 12 | (10a)

1 1 14

~1/2 -1/2  1/4

1 12 12 1/4
1 Y2 12 -1/4 | (10b)
1 -1/2 12 -1/4

/8 1/)8 1/)8 1/8 1/8 1/8 1/8 1/8

1/4 14 14 14 —1/4 —1/4 -1/4 -1/4

1/4 14 -1/4 -1/4 -1/4 -1/4 1/4  1/4

RHl._— | 2 Y2 -12 -12 12 12 -12 -1/
[RH]g = 1/4 -1/4 -1/4 14 14 -1/4 -1/4 14 |>

1/2 -1/2 -1/2 12 -1/2 12  1/2 -1/2

12 -1/2 12 -1/2 -1/2 12 -1/2 1/2

1 -1 1 -1 1 -1 1 -1

Y2 12 y4 12 14 14 18
12 12 14 -1/2 -1/4 -1/4 -1/8
12 -1/2 -1/4 -1/2 -1/4 14 1/8
12 -1/2 -1/4 12 1/4 -1/4 -1/8
~1/2 -1/2 14 12 -1/4 -1/4 1/8
-1/2 -1/2 14 -1/2 1/4 1/4 -1/8
~1/2 12 -1/4 -1/2 14 -1/4 1/8
~1/2 12 -1/4 1/2 -1/4 1/4 -1/8

[RH]g* =

RPRRRPRRERR
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3 Reversible Walsh-Paley Transform

In this section we present factorizations of reversible daPaley transform ma-
trices. The conventional Walsh-Paley transform matrix &adactorization are
defined by

W Pon-1
[WHWZI[ Aot ) ,
WPz 1@ (+ —) (11)
WPz =WoWA -+ -Wh_1,
whereWH; = (1), and
lm@ (+ +)
szlzn—l—m(g) , m=01....n—1. (12)
In® (+ —)

Similarly to equations (11) and (12) we define the reversiliédsh-Paleytransform
matrix and its factoring version as

[RP»n1®(1/2 1/2)]
RPy1®(1 —-1) |’

Retzt = | IRAze (1) Reghe (%) |.

[Rpﬂzn = P0P1"’Pn717 [RH&lZPrr_llprr_lz"'P(;l,
where[RP; = (1), and

[RPJ2n = [

Pm: |2n—1—m® m:07n_17

|2m®(1/2 1/2)]
lm@ (1 -1) |

1 1/2
pralzlznlm@[ I <1> @ <_{/z> } m=0n-1

Example 3.1 The reversible Walsh-Paley matrices of order 2, 4, and 8 arerg
below

(13)

R=( ¥ Y2), Re =(: 13).

1/4 14 1/4 1/4 1 12 12 1/4

1/2  1/2 -1/2 -1)2 _ 1 1/2 -1/2 -1/4
[RRa = 1/2 -1/2 12 —1/2 |’ RP;* = 1 -1/2  1/2 -1/4 |’

1 -1 -1 1 1 -1/2 -1/2 1/4
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18 1/8 1/8 1/8 1/8 1/8 1/8 1/8
1/4 14 14 1/4 —1/4 —1/4 —1/4 —1/4
1/4  1/4 —-1/4 —1/4 1/4 1/4 —1/4 —1/4
R 1/2 12 -1/2 —1/2 -1/2 -1/2 1/2 1/2
RPRs=| 174 _1/a 14 —1/4 14 —1/4 14 -1/4 |
1/2 -1/2  1/2 -1/2 -1/2 1/2 -1/2 1/2
1/2 -1/2 -1/2  1/2 12 -1/2 —1/2 1/2
1 -1 -1 | 1 1 -1

/2 12 14 12 14 1/4 1/8
/2 12 14 -1/2 —1/4 -1/4 -1/8
1/2 —1/2 -1/4 1/2 1/4 -1/4 -1/8
1/2 —1/2 -1/4 -1/2 —1/4 1/4 1/8
~1/2 12 -1/4 1/2 -1/4 1/4 —1/8
~1/2  1/2 -1/4 -1/2 1/4 -1/4 1/8
~1/2 -1/2 1/4 1/2 -1/4 -1/4 1/8
~1/2 -1/2 1/4 -1/2 1/4 1/4 -1/8

[RPig* =

RPRRPRPRRRRPR

4 Reversible Complex Hadamard Transform

In this section we present the factorization of complex hiaala matrices. The
complex Hadamard matri{d of orderN is an unitary matrix with elementsl, + |,
wherej = /-1, i.e.

HH*=H*H = NIy,

whereH* represents the complex conjugate transpose of the ntatrix

It can be proved that i is a complex Hadamard matrix of orddrthenN is
even [13].

The matrix[CH], = (_1] _’1) is an example of a complex Hadamard matrix of
order 2. Complex Hadamard matrices of higher orders can bhergted recursively
by using Kronecker product i.e.

[CH]»n =H2® [CH]n1, N=273,.... (14)

It can be shown, that the complex Hadamard mdttikl]» of order 2' (see
equation (14)) can be factored as

n-1
[CHzn = | [ (Izn 2 @ Hz @ Ion-m) | (Izn-2 @ [CH]2). (15)

m=1
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Similarly to (15) we define the direct and inverse reversdaemplex Hadamard
matrices by

n-1
[RC]Z” = [ |_| (|2m—1 RQ® |2n—m)] (|2n—1 ® [CH]z),

m=1 L (16)
RO = (I 2@ [CH;Y [ [] (lzr21©Q *®lnm)],

m=n—1

whereQ from (6), and
CH]; %= < _% _iﬁ )

Below there are given the direct and forward reversible dempiadamard
matrices of orders 2, 4, and 8.

[RC]2=< _} _i ),
(3 13)

12 j/2 12 /2

[RC]4= —j/2 _1/2 —j/2 _1/?

1 j -1 - |

—j -1 i 1

/2 j/2  1/4 j/4
ROz = —-j/2 =12 —j/4 -1/4

12 jj2 -1/4 -j/4 |
iz -2 /a4 14

a4 j/4 14 j/4 14 /4 14 j/4
—j/4 ~1/4 —j/4 -1/4 —j/4 -1/4 —j/4 -1/4
2 2 =12 —j2 12 j/2 =12 —jj2
—j/2 -1/2 jj2 12 —jj2 -1/2 jj2 12

[CSs = /2 j/2 12 /2 -1/2 —j/2 -1/2 —j/2 |
-ij/2 -1y2 -j/2 -12 j/2 1y2 j/2 1/2
1 i -1 - -1 —j 1 j

- -1 i 1 i e
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vz j2 14 j/4 14 j/4 18 j/8
—j/2 -1/2 —j/4 -1/4 —j/4 -1/4 —j/8 -1/8
vz j2 -1/4 —j/4 14 j/4 -1/8 —j/8
cgpt=| 12 “Y2 oy4 L4 —jja -1/4 /8 18
8 2 j2 14 j/4 -1/4 —j/4 -1/8 —j/8
—j/2 -1/2 —j/4 -1/4 j/A 14 /8 1/8
2 j/2 -1/4 -j/4 -1/4 —j/4 1/8 j/8
—j/2 -1/2 j/4 14 j/4 14 —j/8 -1/8

Below we give detailed description of fast 8-point revelsibomplex Hadamard
forward transform.

Example 4.1 . 8-point reversible complex Hadamard forward transform.
As follows from (16) 8-point reversible complex Hadamamvérd transform
can be calculated by

X = [RClgx= (Q®@14)(l2®Q®12)(l4® [RC]2)X,

where x= (Xo, X1, . . . ,x7)T is the input integer-valued vector.

Therefore 8-point reversible complex Hadamard fast fodvi@mansform algo-
rithm can be realized via the following 3 steps:

Step 1. (This step no need any arithmetical operations).

Xo X1
—X1 —Xo
X2 X3
. —X . —X
(la®[RC2)x=21+ jzp = Xz +J XZ
—Xg —Xa
X6 X7
—X7 —Xg
Step 2. Compute(l, ® Q® 12)(z1 + jz2) = v+ jw, where
(Xo+X2)/2 -V
—(X1+X3)/2 —Vo
()((o—xz)) —V3
_ —(X1—X3 _ —V2
V=1 iz |0 WE w
—(Xs+Xx7)/2 —Vy4
(X4 —g) -7
— (X5 —x7) —Ve
Step 3. Computg Q® l4)(V+ jw) = X+ jY, where
(Vo+Va)/2 Xs5/2
(v1+vs)/2 Xa/2
EVH—VG%;; —X3
- V3 + V7 o —X2
X - (Vo—V4) ? Y - 2X1

( ) 2Xo
(V2 —Ve) —X7
( ) —Xs



320 H. Sarukhanyan, S. Agaian, K. Egiazarian, and J. Astola:

From (16) it follows that 1DN—point reversible complex Hadamard transform
needNlog, N — N addition and\ shift operations.

5 Reversible Williamson-Hadamard M atrices

At first we briefly describe the Williamson’s approach [19}he Hadamard matri-
ces construction.
The following matrix we calparametric Williamson array

a b c d
W(a,b,c,d) = :2 j_‘; _g , abdce{l-1}. (17
-d -¢c b a

Theorem 5.1 (Williamson [13, 19, 20]). Suppose there exist f@¢drl)—matrices
A, B, C, D of order n satisfying

PQ"=QP", P.Qe{AB,C,D},
(18)
AAT + BB" +CC™ +DDT = 4nl,.

then WA, B,C, D) is Hadamard matrix of orde#n.

The matricesA, B, C, D with properties (18) are calledilliamson matrices
The matrixW(A,B,C,D) is called theWwilliamson-Hadamard matrix

Let A;B,C,D be cyclic symmetric Williamson matrices of order n with first
rows (&)), (bi), (i), (di), respectively. Note that, i = &, by_j = bj, ch—i = G,
di=di,i=12...,n—1 Now Williamson-Hadamard matri¥/(A,B,C,D) of
order 4 can be represented as block cyclic block symmetric matrix by

) a b o d

n_

B . | -boa —d
Wy = iZOU ®Q, where Q= ¢ d a -b |’

—d - b g

(19)

whereU is the cyclic matrix of orden with first row (0,1,0,...,0).

From (19) we can see th&,_ i = Q;, and all the blocks of matrix\iy, are
Williamson-Hadamard matrices of order 4. In [21] it was prdvthat cyclic sym-
metric Williamson-Hadamard block matrices can be congtdicising only 5 dif-
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ferent blocks such as

+ o+ o+ o+ + o+ o+ - + o+ -+
-+ - 4 -+ + o+ -+ - -
- -+ 4 + - o+ o+ -+ + 4+
+ - o+ 4 + - - -
N [T N T
=" ] @=1, - . 5
- - - 4 + o+ =

(20)

For example, Williamson-Hadamard matrix of order 12 is gity
Hiz =130 Qo+U®Qs+U?® Q.

Now we introduce the following parametric matrix of order 4iah we call
reversible Williamson (RW) array

a/4 b/4 c/4 d/4

—-b/2 a/2 -d/2 c/2

RM@EbCD =1 s g2 a2 _b2 (1)
-d -c b a
The inverse reversible Williamson array is given by
a —b/2 —c/2 —-d/4
RW Yabcd) — | ° ¥ 42 ¢/ (22)

—-d/2  a/2 Db/4
d c¢2 —-b/2 a/4
Now, the Theorem 5.1 for reversible Williamson-Hadamardrioes can be

formulated as

Theorem 5.2 (Generalized Williamson Theorem). Let®\C, and D be Williamson
matrices of order nThen the matrice§RW|sn and [RW|,! are the direct and in-
verse reversible Williamson-Hadamard matrices of ordierrespectively

1 1 1 1
sA B 7€ 7D
1 1 1 1
_1g 1a —Ip Ic
2 2 2 2
RWap=| 2 2 27 2 (23)
~ic ip ia -1iB

|
W)

|
@)
o8}
>
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1
B —3C
A 1D

1
D 1A

1
C -iB

(24)

Similar to (19) we can define block cyclic reversible matsitey following

[RWm =S U'®R,
% (25)

RW, =1 ;un'w
ai/4 bi/4 Ci/4 di/4

o —bi/2 a;/2 —di/2 Ci/2

R a2 d2 aj2 b2 (26)
-d - b E
a; —bi/2 —Ci/2 —di/4

1 bi a;/2 di/2 —Ci/4

Ri N Ci —di/2 84/2 bi/4 (27)
di G/2 —bj/2 a /4

Hadamard matrices of order 12

Below there are given direct and inverse reversible bloadicywilliamson-
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As in conventional case block cyclic reversible Williamgdadamard matrices

can be constructed using only 5 different blocks which givea table below
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Table 1.

i [RW; [RW];"
1/4 14 14 1/4 1 -1/2 -1/2 -1/4
0 -1/2 1/2 -1/2  1/2 1 12 12 -1/4
-1/2 12  1/2 -1/2 1 -1/2 12 1/4
-1 -1 1 1 1 12 -1/2 1/4
1/4  1/4 1/4 -1/4 1 -1/2 -1/2 1/4
1 -1/2  1/2 1/2  1/2 1 12 -1/2 -1/4
-1/2 -1/2 1/2 -1/2 1 12 12 14
1 -1 1 1 -1 12 -1/2 1/4
1/4 1/4 -1/4 1/4 1 -1/2 12 -1/4
5 -1/2 1/2 -1/2 -1/2 1 12 12 14
1/2 12 1/2 -1/2 1 -1/2 12 1/4
-1 1 1 1 1 -1/2 -1/2 1/4
1/4 -1/4 1/4 1/4 1 12 -1/2 -1/4
3 12 1/2 -1/2 1/2 -1 12 1/2 -1/4
-1/2 12  1/2 1/2 1 -1/2 12 -1/4
-1 -1 -1 1 1 12 12 14
1/4 —-1/4 -1/4 —1/4 1 12 12 14
4 1/2  1/2  1/2 -1/2 -1 12 -1/2 1/4
1/2 -1/2  1/2  1/2 -1 12 1/2 -1/4
1 R 1 -1 -1/2 1/2 1/4

Note that all of matrices from the Table 1 can be representbdly sequential
ordered reversible Walsh-Hadamard matrix of ord¢iRE{], from (10) as

+ 0 0 0 + 0 0 0
_ [ o - 0 o0 0 0 + O
RWo=1{ o o = o |RHs| o L o o |
0 0 0 - 0 0 0 +
+ 0 0 0 + 0 0 O
0 0 0 0 + 0 0
[RW= | g o o |RHal o o 4 o
0 0 0 + 0 0 0 -
+ 0 0 0 + 0 0 O
0 0 0 0 + 0 0
[RW2=1| o . o o |RHlal 5 o = o |
0 0 0 - 0 0 0 +
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+ 0 0 0 + 0 0 0
0 ) 0 0 0 +

[RW]s = 0 Jt; -0 [RH]4 0 0 + 0]
0 0 0 - 0 - 0 0
+ 0 0 0 + 0 0 O
0 0 + 0 0 - 0 0

[RW)a = 0 + 0 O [RH]4 00 - 0
0 0 0 + 0 0 0 -

Note that the Kronecker product of two reversible Hadamaattices of orders
m andn is the reversible Hadamard matrix of ordem Below we present one
design method which allows as construct the reversible kada matrix of order

mn
> -

Let Hgn, H, b andHam, H,+ two pairs of reversible Hadamard matrices. Repre-
sent it as follows

I:)1 — Al _
rm:<%> W#Z@lQﬂ,Hm=<M) Him = (B1 Ba).
We can check that

P1Q1 = P>Q2 = lon, Q1P+ Q2P = Iop, P1Q2 =P,Q1 =0,

(28)
A1B1 = AxBy = Iom, B1A1 + BoAz = Iom, A1By = ByA; = 0.

Introduce the following matrices

_ 2P+ P> Ry— 2P

Rl 2 ) 2

—2
G- @ o, AR (g
Now we can show that the following matrices are reversibldataard matrices
of order 8nn

FI=RI®B1+R®By, Ml=0;0A+DQA,. (30)

Therefore we can formulate the multiplicative theorem [0}, ®r reversible
Hadamard matrices.

Theorem 5.3 (Multiplicative theorem). If there exist reversible Hadanh matri-
ces of order m and ,nthen there exists the reversible Hadamard matrix of order
mn

7.

Give an example. As initial reversible Hadamard matricesiseethe reversible
Walsh-Hadamard and Williamson-Hadamard matrices of odd&om equation
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(10) and Table 1, respectively. Using above given notatfome (29) we obtain

oo 1 10
R = 2 Ry = 2
1 ( 00_l>7 2 < )7

®; =

= Nl
|
=
o

(31)

or PO © O
O NIk NIF O

1
2

1
1
0
0
1

N O O NI
A
N
I

Therefore, according to multiplicative theorem, we obtawversible Hadamard
matrix of order 8 given below

1 -1 _1 1
2 2 4
1 1 1 1 1 1 1
ro (200 2 1Y 2],(%92 20) | 2z ~a
100-1 1 -3 0 1-10 o3|
1 -1 1 1
2 2 4
1 3 0 0
11 11 1 1 11 1
o |9 Ol as 3 |t 2|, ("2 22 2)
0 0 -3 -31 1 -3 -1-11 1
1 -3 0 0

6 Golay Sequences and Reversible Transform Matrices

Give some definitions. The cycli0,+1)—matricesX;, Xz, X3, X4 are called
T —matrices of order kf the following conditions are satisfied

X|®XJ:O, |7£], |,J:17273747
X1+ X+ X3+ Xg IS (£1)—matrix,
XiXT + XoXJ + XaXq + XaXJ = Kl,

where® is a Hadamard (pointwise) product.

LetA= {{a}]*; be sequence of lengti such that. {—1,+1}. The follow-
ing function is callecaperiodic auto-correlation functionf sequencé\ [7,22]

N—k—1
Pa(k) = Z)awm 0<k<N-1
i=
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Two (+1)—sequenced = {a} andB = {b;} with lengthN are calledGolay
complementary sequend@®] if

Pa(k) +Ps(k) =0, k=1,2,... N—1.

Note that there exist Golay sequences of lengtt0226°, wherea, b, c are nonzero
positive integers [23]. Golay sequences of lengths 2, 18 2&nare given below

n=2: ++
+-
n=10: +-——+—-—+———+
+-———- ++—;
n=26. +++——+++—-—+————— +-—++-——+—-———

——— ettt -+ —+————.

Let nowA; = {&}* ;, By = {bi}k; be Golay sequences of lengthWe can
check that the sequencés= {0,A;} and B = {0,B;} are complementary se-
qguences of lengthk + 1, and cyclic matrices with first row# and B satisfy the
condition

AB=BA ARB' =BRA',
AAT + BB = 2Kly 1

whereR is a back identity matrix of order k.

It is possible to prove that matrices

A+B A—-B
XK=l Xo=—— Xg=—5— (32)
2 2

are cyclicT —matrices of ordek+ 1.

Let vy, Vo, V3, Va4 andwy, Wo, W, Wy are four length vectors representing the rows
and columns of sequential ordered direct and inverse ribkeridadamard matrices
[RH]4 and[RH]; %, respectively. Consider the following matrices

P=vi®X1+V2® X2+ V3 ® X3,

(33)
Pl=waX +w@X] +wz@XJ,
whereX; from (32), and
Vlz(%7%7%7%)7 VZZ(%7%7_%7_%)7 V3:(%7_%7_%7%)7 (34)
W—{:(:L?l»l?l)v W—2r:(%7%7_%7_%)7 Wg’,—:(%7_%7_%7%)
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Now using (33) and (34) we form the following matrices of arlle- 1 (k length
of Golay sequences)

Pi=1X1— 1% —1X3,  Po=3Xi+ 3%+ 21X,
1 1 1 1 1 1 (35)
Py=23X1—35X20+35Xs,  Pa=3X1+35X—35Xs.
It can be shown that

4k+1

PP +PoP] +PsP] + PP = lis 1.

Using the matrices from (35) we obtain some interesting icedr
(i) The following matrix

P PR RR PRR
2 -RR R —-P/R HR
v&+1l] _pR BR R -PJR

-PR -PJR BR A

G=

is the orthonormal integer transform matrix of Geothal&d8ktype of order &+ 1
with elements{+1/4,+1/2}.

(ii) The following matricesA and B of size 3x 12 and 12« 3, respectively,
satisfy the conditionAB= 13, AAT =3l5, B'B=ZI3

i1 1 1 1 1 _1 _1 1 _1 _1 1

4 4 4 4 2 2 2 2 2 2 2 2

Al 2 -2 12 1 1 1 1 1 1 1 _1 _1

- 2 2 2 2 4 4 4 4 2 2 2 2 ’

101 _1 1 1 _1 _1 1 1 1 1 1

2 2 2 2 2 2 2 2 4 4 4 4

1 1 1 1 1 1 1 1

11 1 1 5 35 -3 -3 3 =3 "3 3

T _ 1 1 1 1 1 1 1 1

B={z -2 -2 3z 1 1 1 1 353 35 =3 =3
1 1 1 1 1 1 1 1

2 2 2 2 32 —3 —3 3z 1 1 1 1

(iii) The following four cyclic matricegy = (1/4,1/2,1/2), A, = (1/4,1/2,-1/2),
As=(1/4,-1/2,-1/2), A= (1/4,-1/2,1/2) satisfy the condition:

9
AIAT +AohS +AA] +AA] = 7.
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(iv) Using the matrices from (35) we find
P IPR IPR O IRR
Gy = | —3PR PR 3P —3PIR |,

-PR -PJR PR A

Pl —iRE A -
REL 3P 3RA —iRP
R ARR 3R
RPl IRR —IRR iP]

4(k+1)
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