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A New and Improved M odel of a Lead Acid Battery

Septimiu Mischie and Dan Stoiciu

Abstract: This paper presents a new and improved model of a lead adierp#bat
takes into account if the battery is in discharging stateharging state or in the rest
period. The parameters of the model depend upon the chamgjes ieceived or de-
livered battery current. The method to obtain the modelpatars and experimental
results are also presented.
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1 Introduction

Battery is one of the most important parts in an electric elehor hybrid electric
vehicle and also in a conventional (gasoline) vehicle. édiiih batteries seem to
act like simple electrical energy storage devices, when tiediver and accept en-
ergy, they undergo thermally dependent electrochemiaadgsses that make them
difficult to model. Thus, the electrical behaviour of a battis a nonlinear function
of a variety of changing parameters.

Lead acid batteries are among the most used devices to stbokelver energy.
There are also other types of batteries such as: NickeldNtgtarid, Lithium-lon,
Nickel-Cadmium.

To estimate the behaviour of a system receiving energy froatt@ry, an equiv-
alent circuit or a model of the battery is needed.

The most commonly used model of a battery is the Thevenin hitdd]. It
contains an ideal DC voltage source, in series with a rasistd a parallel resistor-
capacitor group. However, this model has some drawbackshbkamodels that
followed tried to eliminate.
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Reference [2] presents a battery model based on the Thewental, where the
charging and discharging processes of the battery are demesi separately. For
this purpose, the parallel group contains a resistor foctieging state, a resistor
for the discharging state and a capacitor. Furthermoreydhees of the DC voltage
source and the two resistors depend on the state of charge)(@&@he battery.

In [5] a battery model is presented that is valid for NiMH leaitts, for time
intervals of a few seconds and for a constant SOC. The mod#hics an ideal DC
voltage source in series with a resistor and two parallést@scapacitor groups.
Thus, the transient processes that occur when the load tishewi on or off can be
better modeled. However, the model does not take into a¢ébtire battery is in
the charging/discharging state or in the rest period.

The Advanced Simulator for Vehicle (ADVISOR) package peogr[6] con-
tains several sophisticated battery models. These moawks the disadvantage
that a longer time is required for computation due to the higter of the models.

This paper introduces a model that allows fitting to the \gdtavaveforms
across battery terminals obtained experimentally, asheilseen in section 4. The
model is valid for lead acid batteries and takes into accitimé battery is in charg-
ing/discharging state, or in the rest period. The parameitthe model depend on
the discharging or the charging current magnitude. The teapsfor computing
all the model parameters are presented and derived. Thenptees derived from
experiments were used to build the battery model. The owmptage of the model
(the simulation voltage) was compared with the one obtalme@xperiments to
validate the model.

2 TheProposed Model of theLead Acid Battery

The structure of the proposed model has been derived byistyithe data gathered
for a lead acid battery in four different experiments.

This model is a dynamic one, that is it takes into account tianges in the
received or delivered battery current. It is valid for tinméarvals of a few minutes,
so the SOC of the battery can be approximated as being con$tenmodel com-
prises four operating modes: (a) charging, when the batengives current, (b)
rest period after charging, (c) discharging, when the batlelivers current and (d)
rest period after discharging. During the rest periods thitelpy neither receives
nor delivers current. In each of the four operating modes,vititage across the
battery can be approximated by a sum of two exponentials. efjoé/alent time
constant is different for each operating mode.

The most important parameter of a battery is the open cikaliage (OCV).
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OCV is the voltage across the battery after a long enougtpeggid. Every battery
model has to contain the OCV.

Fig.1 presents the proposed model of the lead acid battergntains an ideal
DC voltage sourcty (its value being OCV) connected in series with resifand
two branches of two parallel resistor-capacitor groups. Ry, Rs andCy, Ry, Ry
are used when the battery is in discharging state, thét)isc 0, and also when the
battery is in the rest period after discharging. In this ¢désdeD; is on and diode
D, is off. C3, Rs, Ry andCy4, Rs, Rg are used when the battery is in charging state,
that isi(t) > 0, and also when the battery is in the rest period after chgrgNow
D, is off andD5 is on.

In the discharging state, switches $hd SW are closed, switches Sy¥énd
SW, are open, and the two capacit@s andC, start to charge. When the capac-
itors are completely charged, the voltage across the pattidirbe constant, if the
discharge conditions remain unchanged (the cuiif@hts constant or the resistive
load is constant). When the load is disconnected, that isutrent through the bat-
tery is zero and the battery is in the rest period after disghg, switches SWand
SW, are closed and switches S\&hd SW are open. Thus, the two capacitors start
to discharge. When the capacitors are completely discathe voltage across the
battery will beUg. The use of switches in the model is justified because the time
constants of the two transient processes are different.s,Tlwhen the capacitors
are charging, resistoiR; andR, are used, and when the capacitors are discharging,
Rs andR4 are used.

i)

——4—0

Lh — u(t)

Fig. 1. The proposed battery model.

If the battery is in charging state, capacit@sandC, start to charge. The be-
haviour of the model is similar to that of the dischargingestd his model assumes
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that the battery enters a state (charging or dischargint) after the capacitors
used in the other state have been completely dischargedhénwords, the transi-
tion from one state to the other is done only after long enaeghperiods.

In the following, the equations that describe the model bisla will be pre-
sented.
2.1 Thedischarging state of the battery

Assuming that switch K is closed &t 0 (fig.2) and the battery discharges through
a constant loadRe, the voltage across the battery can be expressed by

u(t) = —i(t)Rex; (1)

In order to obtain the expressionigf), the Laplace transform(p) of i(t) will
be derived. If the voltages on the two capacitors are zere-dl, | (p) is expressed

by

U 1
I(p)=—— =, 2
(p) 0 Z(p) )
whereZ(p) is the operational impedance of the circuit,
RlpCi RzpCi
Z(p) =R+ T+ T+ Rex. 3)
Ri+—— Ro+—
Tee PTG
R Ry
—] — 1 () K
el
— — M(f) Rexf
Mcl(f MCE{I-

Fig. 2. The circuit for analyzing the discharging state & Hattery.

By using the inverse Laplace transform, the following esgien ofi(t) is ob-
tained:

Ug ( Ry —-L Ry —L)

i(t)=-— 1p
R+Ret +R1+ R

1+ e "+
R+ Rext R+ Rext
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wheretyp and 1y, are:

Ri(R+Rex)

=Cj— 5

T1p 1R1+R+R@¢’ (5)
and, ( )
Ro(R+ Rext

=Co—— =7 6

2P R, R Rex ©

Finally, according to (1) and (4), the following expressifru(t) is obtained:
UoRext Rl -+ R L
ut) = 1 e e ). 7
®) R+Rext+R1+R2< +R+Rext +R+Re<t ) %

In order to determine the parameters of the model, it is rezagghat the two
time constantg, and Ty, differ by at least an order of magnitude [5].

Whent = 0, the maximum value ai(t) is obtained:

_ UoRext
R+Re¢

Umax, ¢ = U(0) (8)

Whent is large enough such as aed/ @ ~ 0 ande /™ ~ 0, u(t) reaches
its minimum value:
UoRex

R+Re¢ +R1+Ry’

By using (9), a simpler expression oft) can be obtained:

(9)

Umin7d -

t

u(t) :Umin7d+U1,de_r;_p +Uy ge 2, (10)
whereU, ¢ is
Ua= lJRTFiZl7 (11)
andUy 4 is
2,d = URm—:;Zz (12)

In the following, the equations for the rest period after sctiarging state will
be presented. Assuming that switch K is opened-a0 (fig.2) andR; andR; are
replaced byRz andRy, the voltage across the battery can be expressed by:

Ut) =Uop+Ug € ™ +Ug e =, (13)

whereTtis and s are
T1s = R3C1, (14)
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and,
Tos = R4Cy, (15)

andU¢; andU, are the voltages across capacit@isandC, att = 0, both being
negative. When the battery delivers current, and the teatgirocess of charging
C; andC; has ended, the voltages across the two capacitors have mmraxwalues
as follows:

Ucl = Uclmax = Imin, dR17 (16)

and
Uc2 = Uc2rnax = |m’n, dR2> (17)

wherelmin, d = —Unin, d/Rext-
The minimum value ofi(t) is obtained at = 0 and is denotet jymp, d,

Ujump, d = Uo +Uc1 +Uco. (18)

The maximum value aii(t) isUg, and is obtained whes /s ~ 0 ande /™ ~
0. Because the value aft) before the start of the rest period is

U(t) = Umin d = Uo+ IminR+Uc1 + Ueo, (19)
and based on (18) and (19), the following equation can beerit

Ujump,d - Umin7d = _Imin7dR- (20)

2.2 Thecharging state of the battery

Assuming that switch K is closed at= 0 (fig.3), and the battery charges from
the power supply whose output voltagdJs the voltage across the battery can be
expressed by

u(t) =Us —i(t)Rex, (21)
wherei(t) is (the voltages across the two capacitors are zere-a):
. US_ UO R5 -t R6 -t
i(t) = 1 e B e ™), 22
O frrerrTR TR R TR ) @

and the time constants, and 1,y are similar tory, and 1o, according to (5) and
(6).
Thus, using (21) and (22)t) can be expressed by

t

__t __t
U(t) = LJrnax7 c— U:]_7 c e T?’p - U27 c e T4p 3 (23)
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Power
Supply

Fig. 3. The circuit for analyzing the charging state of thetdry.

whereUney ¢, that is obtained fronu(t) whent is large enough such as'/™» ~ 0
ande /™ ~ 0, has the expression

(Us —Uo)Rext
U =Us— 24
max, c S R+ R@(t + R5+ R6’ ( )
andU1, c andU; . are expressed by the following equations
Rs
Upc=(Us—U 25
17 c ( S max, C) R+ R@([ ) ( )
and,
U2 c= (Us_ Umax c) RG . (26)
’ "R+ Rex
The minimum value ofi(t) is obtained with eq. (23) when= 0:
(Us —Uo)Rex
Uninc=u(0) =U —Upc—Upc=Ug— ——TF—. 27
min, ¢ ( ) max, C 1,¢c 2,C S R-I-R@q ( )

In the following, the equations for the rest period after arging state will be
presented. Assuming that switch K will opentat O (fig.3) andRs andRs are
replaced byR; andRg, the voltage across the battery can be expressed by:

Ut) =Ug+Ug e s +Uge @, (28)

whereTss, Tss, Uz andUg4 are similar torss, Tos, Ugr andUg, according to equa-
tions (14)-(17). The voltagdd.; andUy are positive. The maximum value oft)
is obtained at = 0 and is denotet)jymp, c,

The minimum value ofi(t) is Up and is obtained wheer /™ ~ 0 ande /™ ~ 0.

In fig.4, two examples with theoretical waveforms faft) andi(t) are pre-
sented (the first for discharging and the second for chargfiatg).
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Fig. 4. The waveforms for discharge and charge the battery.

3 Determination of Modd Parameters

The parameters of the battery model can be determined byumegshe cur-
rent through the battery and the voltage across the battemngl the following
sequence: discharging, rest, charging and again rest. hiBoptirpose, an exper-
imental bench was set up, its structure being presented . filj contains the
battery, a resistive load, a power supply, two relays angiatiee shunt that is used
to measure the current through the battery. The voltagesadt® battery and the
voltage across the shunt are acquired with a National Imstnis PCI| 6023 data
acquisition board. The PCI 6023 contains a 12-bit analogditadl converter with
5V input range.

The value of the resistive shunt was D1 The voltage across the battery
is applied to the Ch 0 input of the data acquisition board bwamseof a resistive
divider, omitted for simplicity from fig. 5.

The sampling frequency was 50 Hz. This relatively high vaki@ecessary
only for fast regions ofi(t), namely close t®Jmax, Umin andU;ump, according to
fig.4. The acquired data were filtered with a 5-th order lowspdigital Butteworth
filter, having a cutoff frequency of 5 Hz.

By appropriately driving the relays, the battery can be pwrie of four follow-
ing states: charging, rest period after charging, disdhgrgand rest period after
discharging.

A Bosch 5D battery with a capacity of 55 Ah and a nominal vaitad 12 V
was used throughout the tests.



A New and Improved Model of a Lead Acid Battery 195

PCT 6023

Yy

Chl

Fig. 5. The experimental setup.

By processing the voltage and the current correspondinbeidaur operating
modes, the model parameters will be computed.

In the discharging state, the length of the acquisition was.5The two relays
were driven such as the battery delivered current betweeh s and = 15 s. In the
charging state, the length of the acquisition was 250 s. Whea¢lays were driven
such as the battery received current betweerb s and = 100 s. Then, by using
the acquired voltage waveforms, the following values ateagked in discharging
state:Ug, Umax, d, Umin, ¢ @ndUjump, ¢, @nd the similar values in charging state.

3.1 Determination of parametersfor the discharging state

The resistive loadRe is obtained by using equation (1), wheémean have any value
between 5 and 15 s.

Then, from equation (8RR is computed as

~ UoRext

R=
Umax,d

— Rex. (30)

In the following, the elementBy, Ry, C; andC, must be computed. For this
purpose, at first, the voltage coefficietts ¢ andU; 4, and thenry, and 1o, must
be computed, by using equation (10). In order to reduce tiheptexity of these
operations, the following condition has been imposed imtlioglel: Ry = R,. This
condition leads tdJ; 4 = U> 4, and in equation (10) when= 0, there is only one
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unknown parameter:
U1.d =Uz2 d = (Umax,d — Unin.d)/2. (31)

A similar condition is applied to the charging part of the rebdhat isRs = Rs.

In order to compute the time constamp, a value ofu(t) at a time instant large
enough such as /™ ~ 0 is consideredu; = u(t) att = 7.5 s. Then, by using
equation (10)12p can be computed as:

—2.5[s]
= 2
f2p i Y2~ Unin o (32)
Uz q
According to equation (12) the value B will be computed as
R
R, — M’ (33)
UMQd
and, according to equation (6) the valueGafwill be computed as
C= 34
? Ro(R+ Rex) (39

In order to compute the time constan}p, a value ofu(t) at a time instant small
enough such as /™ =£ 0 is consideredu, = u(t) att = 6 s, and then, based on
equation (10)11p can be computed as:

—1]s]
In 2~ Umin,d —U2 g€ ™
Uz d

Finally, C; can be computed with the following equation, similar to &33)(

C— Tlp(R1+R+ R@(t)
' Ri(R+Red)

(36)

whereR; = Ry.

In the following, the determination of the parameters whenlattery is in the
rest period after a discharging state is presented.

In this case, what have to be found are the values of time aptsat;s and o5

and then the values &% andR4, because the capacitors have the same values as in
the discharging state.
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Before computing these values, two verifications can be dbist, the value
of resistorR can be computed from equation (20) by:

R— Ujump7d_Umin,d (37)

Imin, d

and the sum of the maximum voltages on the capacitors can oputed from
equation (18) as:

Ucl + Uc2 = UO - Ujump7 d- (38)

Then, the value oR from (37) can be compared with that obtained with equa-
tion (30), and the sum of the two voltages from (38) with thasdxd on equations
(16) and (17). If these values are close enough, the behavidgbe battery corre-
sponds to the model.

In order to compute the time constamg, a value ofu(t) at a time instant large
enough such ae /s ~ 0 is consideredus = u(t), att = 30 s. Then, by using
equation (13)12s can be computed as:

~ —15[s]
TZS — W (39)
Uc2
The value ofR4 can be computed as
== (40)

In order to compute the time constant, a value ofu(t) for a time moment
small enough such as'/™s = 0 is consideredus = u(t) att = 16 s. Then, by
using equation (13);5 can be computed as:

—1[s
TlS: [ ] 1] - (41)
In Us—Ug—Up e s
Ucl

The value ofR3 can be computed as

T1s
Ry = 15 42
5= 3, (42)
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3.2 Determination of parametersfor the charging state

In this case the procedure is similar to that for the disdngrgtate, but the equa-
tions for the charging state are used. In the following, tleshimportant equations
are presented.

The resistive loadRe is obtained using equation (21), whdrean have any
value between 5 and 100 s. Then, from (H)s computed as

R@«(Umin, c) - UO
Us_Umin,c '

R= (43)

In order to compute the time constamp, a value ofu(t) at a time instant large
enough such as /™ ~ 0 is consideredu; = u(t) att = 65 s. Then, by using
equation (23)14p can be computed as:

—60[s
In——"~-— —
U27 c
In according to equation (26) the valueR{ will be computed as
== = 45
Re Us — Unex o (45)

In order to compute the time constamp, a value ofu(t) at a time instant small
enough such as /T # 0 is consideredu, = u(t) att = 10 s, and then, based on
equation (23)13p can be computed as:

—5[s
rgp — & I (46)
In Umax,c —U2—Uz c & ™p
Ui c

In order to compute the time constamg, a value ofu(t) at a time instant large
enough such ae /™ ~ 0 is considered:uz = u(t) at t=190 s. Then, by using
equation (28)14s can be computed as:

—90[s]
us—Ug "~
In Une

T4s = (47)

In order to compute the time constamt, a value ofu(t) at a time instant small
enough such ae /™ +£ 0 is considered:us = u(t) at t=105 s. Then, by using
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equation (28)13s can be computed as:
—5[s]

In Us—Ug—Uye s
Ucs

4 Experimental Results

In order to obtain the parameters of the battery model, thaigans from previous
section have been applied to the measurement data. Thendel mith the ob-
tained parameters was achieved, and the output voltageamgsuted in the same
conditions as in the practical case (the sd®gg the same time moments for driv-
ing the relays, the samigy). In order to validate the model, the measured voltage
was compared to the simulated one.

In the discharging state, the model parameters have beemdeéd for several
initial discharging currentsl {ux), corresponding to different load resistdRs;; .

Table 1 presents the model parameters for various rangé)of

Table 1. Some experimental results for model parametetsinlischarging state.

Imax; Imin Uo R | Tip | Tp| Tis| s |RLLR| Rs Re | G| C
[A] VI |[mQ]| [s] | [s] | [s] | [s] | [mQ] | [mQ]|[mQ]| [F] | [F]
—-50,—47,5 | 12.50| 8.7 |0.39|1.37|0.63|19.1| 5.6 8.7 | 75.9|72.7| 252
—431,416 |12.50( 10.3 (0.48|1.72|1.08|22.7| 5.4 11.8| 69.6 | 91.9| 327
—344,-336|12.50| 9.2 [ 0.60|2.02|1.03|22.7| 6.2 10.5| 68.4 | 98.9| 332
—-30.3,-29.7| 12.48| 10.1 | 0.58| 2.33|0.82| 20.2| 7.0 9.8 | 59.4 | 84.4| 340
—217,-21.3|12.48| 11.1 | 0.69| 3.33|1.02| 23.4| 8.4 12.2 | 58.1 | 83.6| 403
—183,-17.8| 12.47| 10.3 |0.70| 3.76| 0.86| 19.6| 9.6 11.7 | 49.9 | 74.4| 399

Based on the data in table 1, the following conclusions caifréaen. The value
of Ris about 10 @ . Its accuracy is affected by the valueléyfzx according to (30).
The values of time constants, and 1o, depend on the value of the discharging
current. Both of them decrease as the discharging currergases. However, the
variation of 1o, is faster. The same dependence holdsRpandR,. Therefore,
the value ofC, depends strongly on the value of the discharging currentevthe
value ofC; depends only slightly.

The values of time constantgs and 125 do not depend on the value of the
discharging current. Therefore, the value Rf depends orC, and value ofR3
depends oK.

Figure 6 presents the measured and the simulated (withddbite) battery
voltage for two of the cases in table 1. A good similarity betw the waveforms
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can be observed.

12.6 T T T T 126

voltage, V
voltage, V

11.8f

116

114 114
0

i i i i i i i i
10 20 30 40 50 0 10 20 30 40 50
time, sec time, sec

Fig. 6. The waveform voltage fdpax = —50A, and, respective, fdpax = —21.7A

In the charging state, the model parameters have been deésr@iso for sev-
eral initial charging currentd {ax), corresponding to different load resistoRu{).
Table 2 presents these parameters.

Table 2. Some experimental results for model parametetseicharging state.

Imax; Imin | Uo R | 13| Tap | Tas | Tus |R5,Rs | Ry Rg | C3 | C4

(Al VI [[mQ]| [s] | [s] | [s] | I[s]|[mQ]|[mQ]|[mQ]| [F] |[F]
7.93,7.12/ 12.55| 12.7 | 2.91| 15.88| 2.89| 19.5| 445 | 40.9 | 51 |70.8| 383
7.61,6.71 12.55| 13.2 (3.81|22.21| 3.78| 33.4| 489 | 445 | 67.8| 84 | 493
6.98,6.17| 12.55| 14.4 | 4.92| 20.75| 5.35|44.5| 49.9 | 50.1 | 98.9 | 106 | 450
6.39,5.44| 12.55| 11.9 | 5.81| 21.48| 4.62| 43.4| 51.7 38 96.7 | 121 | 449
5.61, 4.78 12.55| 13.6 | 6.01| 26.04| 5.88| 58.3| 53.1 | 48 110 | 122 | 528
5.15,4.54 12.56| 12.5|5.10| 24.38| 6.48| 52.0| 53.8 | 63.5| 106 | 102 | 497

In this case, in comparison with the discharging state, ithe tonstants are
much larger. Therefore, the resistor values are much higten those for the
discharging state. All time constants decrease as the iogacyirrent increases.
However, the variation ofy, is slower. The capacitor values are comparable with
the ones in the discharging state.

The value oRis about 13 @ , being a bit higher than the one in the discharg-
ing state.

Figure 7 presents the measured and the simulated (withddbitte) voltage
for two of the cases in table 2. A good similarity between tha/@&forms can be
observed in this case, too.

Even if the model parameters depend on the discharging ogicigacurrent,
in order to implement the battery model, the average valfi¢sose from table 1
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voltage, V

i i i i i i i i
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time, sec time, sec

Fig. 7. The waveform voltage fopax = 7.61A, and, respective, fdmax = 5.14A

and 2 can be used, if the variation range of the dischargingharging current is
known.

5 Conclusions

In this paper, a new model of the lead acid battery was prederih addition to
other existing models, the presented model contains elentigat take into account
the different behaviour of the battery in charging/disgfiag state or in the rest
period. One drawback of the model is the dependence of matahgeters on
the charging/discharging current. Future work will focus @ dynamic model of
the battery that accepts fast transitions between chamgmgdischarging states.
The dependence of model parameters to the SOC and statelthf (®@H) of the
battery should also be determined.
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