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A Class of Circularly-Symmetric CNN Spatial Linear
Filters

Radu P. Matei and Liviu Goras

Abstract: This paper proposes a simple and efficient method for dexigaiclass
of circularly-symmetric spatial linear filters implemedten cellular neural networks.
The design method relies on a so-called 1-D prototype filtéth desired character-
istics and on a 1-D to 2-D spatial frequency transformat®everal design examples
are given, for 2-D low-pass and band-pass filters (both of &R IR type) with im-
posed cut-off or peak frequency and a specified selectivihally, simulation results
are provided, on a real grayscale biomedical image.
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1 Introduction

Cellular Neural Networks (CNNs) are complex dynamic systems consistiregn r
ular arrays, made of identical elements called cells [1]. Recently, theyfbamd
useful applications in various image processing tasks ( [1, 2]). Spatebfivith
circular symmetry are useful in linear filtering tasks, both in digital and aneaieg
age processing [3, 4]. In the latter case, CNNs can be used as stablediie
filters. The image | to be filtered is usually applied at the inplstlflaind the initial
state is usually zeroX20). When used in this class of tasks, CNN cells must not
reach saturation during operation, which implies the restriction for the céd: sta
Ixij| <1],i,j=1,...,N. Generally, the linear CNN filter is described by the spatial
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transfer function [5]:
B(w1, wy)
H(w, wp) = ——F——"7-= 1
(0 %2) =~ (o, @) @
whereA(wy, w; andB(wy, ap are the 2-D Discrete Space Fourier Transforms (DSFT)

of templatesA andB.

An essential constraint regarding CNNs is the local connectivity, whishes
cific to these parallel systems. The design of 2-D spatial filtering functions ma
lead to high-order spatial filters, which require large-size templates, dhabot be
directly implemented in VLSI. In fact, the templates currently implemented are no
larger than 3< 3, 5x 5, rarely 7x 7 [2]. Consequently, large templates can only
be implemented by decomposing them into a set of elementary templates. Thus,
a given filtering operation can be achieved as a sequence of elemeliydi
tasks, directly implemented [6].

Large templates, which correspond to high order spatial filters, carsbensst-
ically decomposed as a sum of convolution products of elementary (minimupn-size
templates using the Singular Value Decomposition (SVD), as shown in [7].

The most convenient templates are the so-called separable templates, which fi
nally can be written as a discrete convolution of small-size templates. We will show
here that the templates of the 2-D spatial filters resulted from 1-D prototgres
be always written as a single convolution product of small-size templatesfaher
the filtering can be realized in several steps.

Correspondingly, the filtering function will be a product of elementarycfun
tions. For instance, for a 2-D IIR filte (w1, ap), the final image (state) can be
expressed as

X(wr, wp) = U (e, wp)H (w1, wp)

=U (@1, wp)H1(wr, ap)H2(w1, @) - - - Hn(wr, ap) )

The imageX (wy, wy) = U (wr, ap)H (wn, ap) resulted after the first filtering step is
re-applied to CNN input, giving the second output imax§g(ico, w) =U (i, wp)Ha(wr, wy)
and so on, until the whole filtering is achieved. This successive filteringgsiple

for any 1-D filter and for 2-D separable filters. For instance, a higieioseparable

2-D filter has a large-size control template B

B:Bc*Br :(BCl*BCZ**BCN)*(BI']_*BFZ**BFN)
:Bl*Bz*---*BN

The separable templaleis written as an outer product of the column vedgr
with row vectorB;. Then,B; andB; are decomposed into small templaBs B
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(of size 1x 3 or 1x 5), which are then coupled in pairs, giving by outer product
the elementary templat®;, ..., By (3 x 3 or 5x 5). Here the symbot stands for
bothouter product of two vectors an@®-D convolution of two matrices, which are
associative operations, therefore can be interchanged.

Considering a 1-D recursive CNN spatial filter of ordigrits transfer function
can be expressed as

N
S bncos'w
_ n=1
S amcos"w
m=1
According to the fundamental theorem of algebra, the numerator andanileno
nator of (4) can be factorized into first and second order polynomialsswcFor

instance, the numerator can be decomposed as follows

m

B(w) = kﬁ(cosw+ bi) I‘L(co§ w+ by jcosw+ by ) (5)
i= I=

with n+2m= N (the filter order). Correspondingly, the symmetric 1-D template
B (size 1x N), can be decomposed into elementary, symmetric templates of size
1x3orlxb5,i.e.itcan be written as a discrete convolution

B=BixByx*--- By (6)

A similar expression is valid for the denominatsfw).

Coupling conveniently the factors 8f w) andb(w), the filter transfer function
(4) can be always written as a product of elementary functions of drdmr2,
realized with pairs of k 3 or 1x 5 templates

H(w) = Hi(w)Hz(w) - - - Hk(w) (7)

Different useful 1-D filters (low-pass, band-pass etc.) realized withmum
size templates were proposed in [8]. Such filters, easy to design, camsidered
as 1-Dprototypes for various 2-D spatial filters.

Here we will discuss zero-phase CNN filters (FIR and IIR), i.e. with real-
valued transfer functions, which correspond to symmetric control aedbfck
templates [5].

2 Proposed Design Method

In the following approach we propose an efficient design techniguz bcircular-
symmetric filters, based on 1-D filters, considered as prototypes. GixEh@roto-
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type with transfer functioiy(w), the corresponding 2-D filter functidt (cor, wy)
results through the transformation— 1/ w? + w?

H (w1, wp) = Hp(y/ wf + of) (8)

which can be interpreted asratation of the prototype function around its central
axis, which generates the 2-D characteristic. A currently-used aippation of

the 2-D cosine characteristic ogg)lz + w? given by the 3x 3 template

0.125 025 0125
C=|025 —-05 026 (9)
0.125 025 0125

such that we have the approximation
oSy / Wf + w3 ~ C(wy, wp) (10)
= —0.5+0.5(cosw,; + coswy) + 0.5 cosw; cosw,

This is also known as the McClellan transform.

The corresponding characteris@i¢w,, w,) and the constant level contours are
given in Fig.1, showing a good circular symmetry in a large domain, while near th

Ci (co1 ,wz)

(b)
Fig. 1. (a) CharacteristiC(wy, o); (b) level contours

margins the contour shape is less and less circular. Nevertheless, edrtpather
realizations we will discuss, it has the essential advantage of decressouhly
and uniformly to the minimum value<1) at the limits of the domain and showing
no ripple. The deviation from circular symmetry is rather unimportant for thesy
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of filters under discussion. Let us consider a 1-D filter with the symmetritraion
template of radiuR

Bp:[... b, b, by by by by bs ] (11)

Its frequency characteristic is given by DSFT:
R
Bp(w) :bo+22 b+ kcoskw (12)
K=1

Using trigonometric identities for céso, k=1,..., R, we finally get a polyno-
mial expression in powers of cas

Bp(w) = co+ 5 ck(cosw)" (13)

Considering this 1-D characteristic as a prototype and using the freguenc
transformation specified before, we obtain:

R
B(wr,—2) =Bp(y/wf+ = co+ § al¥(an, w) (14)
k=1

where we used the notatiolC(w, w;) = cogy/w? + w3). Therefore, once ob-
tained the 1-D prototype filter with desired frequency response, therdebitpe
2-D circularly-symmetric filter consists in substituting in the prototype function
H(w) with thecircular cosine C(wr, wp) = oS,/ w? + w?. This substitution was
made in each factor of in the form (5); we can write

B(wr, wp) = kl‘l(C+ bi) |'|1(C2+b17 iC+by)) (15)
1= 1=

whereC is a shorthand notation f@ (s, w).

Since the filtering function can be written as a product of elementary fursstion
the 2-D filter with circular symmetry, obtained from the 1-D prototypesgzara-
ble, which is a major advantage in implementation.

Consequently, the large-size templBteorresponding to the FIR filtd( oy, a)
results directly decomposed into elementary, small-size3®r 5x 5) templates,
as a discrete convolution

B=Kk(Cy*---*Cjs---%Cp)* (Dys*---*Dj*---%Dp) (16)
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If we use the X 3 templateC given in (9) to approximate the function ced + w?,
each 3x 3 templateC; from (15) is obtained fron€ by adding the valud; to the
central element. Each>b5 template results as

Dj =C#+C+byjC1+byjCo 17)

whereCy is a 5x 5 zero template, with central element ofig;is a 5x 5 template
obtained by borderin@(3 x 3) with zeros.

3 FIR Filter Design Methods

3.1 FIR low-pass filter based on Fourier series

We intend to design a 2-D low-pass (LP) FIR filter with circular symmetry and
specified cut-off frequenc®q. The proposed approach is to find an approximation
of an ideal 1-D LP filter through Fourier series expansion. Considdad#a filter
function plotted in Fig.2 (curve 1)

Hi () = 1, we[-Qo,Q0 (18)
! 0, we[-1m—Q0U[Qo,

which generates the periodic frequency functip(w), that can be developed into
the Fourier series

sin nQo

H|p_ZH| (w—2nm) = —0 %Z cos(nw) (19)

Thus, we can find a filter approximation by truncating this series at a camten
order.

Example: For an ideal LP filter withQqo = 0.311, keeping 12 terms, we obtain
in the rangg— 11, 71]:

H (w) ~ 0.3+ 0.515co3v+ 0.3037 cos w+ 0.0656 cos &
—0.0936cos40—0.1273cosw—0.06236cos®
+0.0281cosw+ 0.07568 cos &+ 0.05723cos @
—0.0468cos 1d— 0.05045cos 1@

(20)

giving the characteristic denoted (2) in Fig.2. Using trigonometric identities for
cosnw, we get a polynomial in ca®, which can be factorized. Replacing in each
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Hl(wl)

—0.21 L L L L I I
-3 -2 -1 0 1 2 3

Normalized frequency

Fig. 2. Prototype filter characteristic wifbg = 0.371.

factor cogw by C = C(w1, ap), we finally get

B(wy, wp) ~ — 10333(C — 1.0464)(C + 0.9925) (C + 0.9336)
(C+0.8164)(C+0.654)(C — 0.4631)(C + 0.451)

(C—-0.2512(C+0.2231)C—0.0162 (C2 —1.829& +0.8547)
(21)
For this FIR filter we take\(ws, ) = —1. In the spatial domain, correspond-
ing to (21), the control template is

B:—10333:1*C2*C3*---*C10*D1 (22)

whereCy (i = 1,...,10) are 3«3 symmetric templates, calculated as shown before,
and is a symmetric template

Dy = C+C — 0.82298C;+).8547C, (23)

Since 5x 5 templates can be implementedx 3 templates can be coupled two by
two, leading to the convolution

B= —10333C12*C34*C56*C78>I<C910* D]_ (24)

whereCi2(5 x 5) = C; xC, and so on. Therefore, the equivalent tempktf size
25x 25 can be realized as a convolution of 6 templates of siz&5In Fig.3(a),
the frequency characteristic of the 2-D low-pass filter is displayed. ntbgano-
ticed that the filter is very steep around the cut-off frequency. Moredvkas a
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perfect circular symmetry in the pass domain and a satisfactory one withiisthe d
of radius 21/3. Outside this disk, the contour plot shows a rather poor circular
symmetry, which however is not important in the stop domain. Due to Fourier se-
ries truncation, the filter shows a radial ripple in both pass and stop domains.
Fig.4(a) another filter is shown, having the cut-off frequefgy= 0.5.

B(wlpwl)

@, ///,_
[

)
\

——
S

WD)

\
NS

i W

&Jl

@ (b)
Fig. 3. Low-pass circular-symmetric filter witg = 0.37T. (a) characteristic; (b) contour plot.
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Fig. 4. (a) LP characteristi€)y = 0.51); (b) contour plot.

3.2 FIR band-pass filter based on 1-D prototype

Let us consider the band-pass 1-D FIR filter, described by thé symmetric
templateB = [r s p sr]. The filter frequency function is the DSFT of the discrete
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sequenc® N
B = p+ 2scosw+ 2r cos 2w (25)

We can impose the central frequeny, for which B(ap = 1. Template pa-
rameters result from the design relations

1+4x%o X0 1
= = g=—" _ fr=——" 26
P o x0? > @Wrx)? T 41l1x0)2 (26)

where we used the notatiop = coswy, for simplicity.
N Example: We design first a band-pass filter withy = 47T and B(awy) = 1,
B(r) = 0. Using (26), we get the parameter valugs= 0.5623, s = 0.0647,

r = —0.2164. The frequency characteristics of the FIR spatial filter is shown in
Fig.5(a). The filter can be cast into the polynomial form

E(m) H(a’l?wz)

1

1 frree i R s e T s a R e W e
i I 1 I H i '

o8 e P e s B C e

TV ]

0z

(@) (b)
Fig. 5. (a) FIR BP filter withuwy = 0.471, (b) IIR BP filter.

B(w) = p— 2r 4 25c0sw+ 4r cos w (27)

Using the method presented before, from this 1-D prototype filter we qarede
the 2-D circular-symmetric filter, with the proposed change of variable. Muse

the 3x 3 templateC in (9) to approximate the functid®(c, wy) = cosy/ w? + w2.
Doing so, we obtain the 5 5 template for the BP filter

B=4rCxC+2sCy+ (p—2r)Co (28)

—0.0135 —-0.0541 -0.0812 —-0.0541 -0.013
—0.0541 00162 01406 00162 —0.0541
B= [—-0.0812 01406 04435 (01406 —-0.0812 (29)
—0.0541 00162 01406 00162 —0.0541
—0.0135 -0.0541 -0.0812 -0.0541 -0.0135
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where the matrice€y andC; are specified before. The filter characteristics and
contour plot are displayed in Fig.6. As we notice, using the3demplateC to ap-

o

B(@y, ,)

ik}

S
2l

u i
JELLS

(b)
Fig. 6. (a) BP filter characteristic; (b) contour plot.

proximate the desired filter does not provide a very satisfactory circutametry
near the limits of the domaiw, » € [—m, 11|. Therefore, we will try to find a % 5
template which provides a larger domain of circular symmetryGtew,, w,) =

COoS,/ w12 + wf We use a straightforward approach, by finding a trigonometric ex-

pansion of the function. Using the changes of variakle:cosw, andy = coswy,
becomes

f(x,y) = cosy/arccodx+ arccody (30)

Next, we will expand the functiofi(x,y) in a two-variable Taylor series around
(1,2). The general form is

F(x,y) = F(1,1) + in—ll ((x— 1)%+ (y— 1)(%)%((171) (31)

and takes the particular expression in our case

f(x,y) = 0.95848+ 0.91822x+y— 2) — 0.0534(x — 1)? + (y— 1)?)
+0.21246x—1)(y—1) — 0.06986 (x— 1)%(y— 1) + (x—1)(y—1)?) (32)
—0.0135 (x— 1)+ (y—1)%) +---

Coming back to the initial frequency variables, andw,, expanding and com-

bining powers, then using the trigonometric identities which expressweas a
linear combination of cdaw, k=0,...,n, we finally derive the following trigono-
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metric expansion, which can be considered a 2-variable Fourier tramsfo

COSy/ wlz + wzz = —0.5488+ 0.517(cosw; + coswy,) + 0.4919 cogv; COSw,

+0.0284cos 2v; + cos 2wp) — 0.0349 cOoS 2v; COSw, + COSwW; COS 2,)
+0.0252 cos 2 cos 2v, — 0.0034(cos 3v, + oS 3p) + - - -
(33)
Keeping from this series the components of frequencw(, wy, 2w, and
2wy, their combinations, we determine by identification the elements of thé 5
template

0.0063 —-0.0087 00142 —-0.0087 Q0063
—0.0087 01231 02588 01231 -0.0087
C,=| 0.0142 002588 —0.5488 02588 00142 (34)
—0.0087 01231 02588 01231 -0.0087
0.0063 —-0.0087 00142 —-0.0087 Q0063

The characteristic corresponding to templades shown in Fig.7(a). Using the

Cy (o, m,)

Il Z NN
T

W]

=0

&
[}

(a) (b)
Fig. 7. (a)Cy (w1, wp) charavteristic; (b) contour plot.

template (34), we will re-design the same 2-D band-pass filter based onRhe 1
prototype discussed before. All we have to do is to replace th&® 3emplateC

by templateC; in eq. (28). This timeCy andC; are 9x 9 templates obtained as
before. We finally get a control templaBeof size 9x 9, which obviously cannot
be directly implemented. Considering the polynomial expressids(af) in (27)
and taking into account the parameter expressions (26), it can be shatvior
this particular filter typeB(w) has always real roots, therefore templBtéd x 9)

can be decomposed into two<®b templates, which can be directly implemented.
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However, in practice, the marginal elements of maBiare negligible, so we can
retain only the 5¢< 5 central matrix block without significant error. For the 2-D BP
filter we will then use the template

0.0011 -0.0717 -0.0615 —0.0717 Q0011
—-0.0615 01670 Q3777 01670 -0.0615
B= [-0.0717 00172 01670 00172 -—-0.0717 (35)
—-0.0615 01670 Q3777 01670 -0.0615
0.0011 -0.0717 -0.0615 —-0.0717 Q0011

The BP frequency response and contour plot are shown in Fig.8,irstp@v
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Fig. 8. (a) BP filter characteristic; (b) contour plot.

larger domain of circular symmetry, but also larger ondulations near themsarf
the domain.

4 1IR Filter Design Method

4.1 1IR low-pass filter

A low-pass 1-D IIR filter, arbitrarily sharp, can be realized using the sytmme
feedback templateA = [s p 5] and the control templatB = [0 1 Q. If the cut-

off frequencyQq is imposed, we obtain the parameter expressions (8} (1 —
V2)/(1—cosQp), s= —p/2. In Fig.9(a) the low-pass prototype characteristic is
shown, obtained fop, = —37.6, s, = ry = 1838, for Qg = 0.15. With the change
of variable introduced before, we get

A(wr, wp) = p+ 25C0S\/ WP + w3 (36)
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Using template&€ from (9), this filter is realized using the following-33 template:

47 94 47
A=2LC+pCo= 9.4 —574 94 (37)
47 94 A7

B is a zero template, with central element 1. The 2-D IIR filter characteristic
H (w1, wp) is shown in Fig.9(b). Therefore, a LP circular-symmetric filter, as sharp

H(m) H(w,.0,)

@
(a) (b)

Fig. 9. (a) LP prototype filter®y = 0.15m); (b) 2-D filter.

as desired, can be realized very efficiently in IR version using the mininizen-s
(3x 3) template. The smaller the cut-off frequen@y, the larger the template
elements.

4.2 1IR band-pass filter

It can be easily noticed that the band-pass FIR filter discussed in secitra8a
very low selectivity. Using the results previously obtained in the case of the lo
pass filter, we can realize a recursive filter with a higher selectivity, whiltinave

a general form for the transfer function, with the vahue 0

-1

H(w) = —a—1+aB(w)

(38)
Therefore, the IIR band-pass filter will be described by the feedtwmklate
A=[ar as A(p—1)—1 as ar] (39)

We obviously havéd (ap) = 1. The larger the value @, the more selective the
filter will be; the central frequency and bandwidth can be controlled ieddently.
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Based on the previous selective band-pass filter as prototype, wesi@mé 2-D
band-pass filter with circular symmetry. Using expression (25), andaieglan

the transfer function (38) cas by C(c, wp) ~ cos,/ w? + w2, we obtain
-1

Her, @) = dar C2(o, wp) +2asC(wy, wp) +a(p—2r—1) -1 o)

Consequently, the filter is described by the following feedback template
A=af4rC«C+2sCi+ (p—2r—1)Co] —Co (41)

whereCy is a 5x 5 zero template with central element 1 ahds a 5x 5 template
obtained by borderin@ with zeros. As it can be noticed from (41), the filter
selectivity and the peak frequency can be controlled independentlyjimsting the
parameteraandp, s, r, respectively. The larger the value of parametghe more
selective the filter will be. However, it can be shown that this kind of IR rSlte
exhibit a rather high sensitivity to parameter tolerances, inherently priesevery
VLSI implementation. Therefore, the selectivity practically attainable is limited by
the precision of the realization of circuit parameters, depending on thedkedy.

Example: We design an IIR BP filter with central frequenay = 0.477T, from
(26) we obtain the following parameter valugs= 0.5623,s=0.0647,r = —0.2164.
Using the general expression (38) we find, o= 23, the IIR prototype filter
frequency response given in Fig.5(b). Based on this prototype, tistngbove-
presented method, we derive the feedback template A using (41). ThBRIR
circularly-symmetric filter frequency respondéw, a,) is shown in Fig.10(a) and
its contour plot in Fig.10(b). The filter is very sharp, has a perfect leraymme-
try and is very smooth in the stop frequency domain.

4.3 Multi-band IR circularly-symmetric filter

A direct generalization of the IIR band-pass filter proposed in the pus\section
is a so-callednulti-band filter. If B(w) in (38) is a 1-D spatial cosine of a higher
frequency, we obtain a prototype filter function of the form

-1
- —a—1+acogNw)

H(w) (42)

If the frequency transformation (8) is then applied, we obtain a 2-D filesqmting
several concentric pass-band regions. The filter will also presemtrampass re-
gion around the origin, so the filters will be of the LP-BP type. In Fig.11 wéedb
the 1-D prototype filters foN = 3 andN = 5, and the 2-D circularly-symmetric
filter for N = 3.
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H(w,.m,) i @,
z Wl @
; W) |

(@) (
Fig. 10. (a) IR BP 2-D filter ¢ = 0.47m, a = 23); (b) contour plot.

(=)}
~

The denominatoA(w) of (42) corresponds to a symmetrick(2N + 1) tem-
plate; however, it can be also expressed Asader polynomial in coe and can
be factorized as in (5), so it can be implemented with 3 and 1x 5 templates.
For instance, witlN = 3, takinga = 12, we get the k 7 template, written as a
convolution between & 3 and 1x 5 templates, and the factorized denominator

A=[6 0 0 -13 0 0 §
=0.48[0.5 —0.0091 05]«[0.25 05046 07684 05046 025 (43)
:fAl*Az

A(w) = 48(cosw — 1.0091) (co& w+ 1.0091 cosw + 0.2684) (44)

The constant factof can be conveniently distributed between the two templates.
So the 2-D filter can be realized with ax3 and a 5«< 5 template.

5 Simulation Results

To test the filtering capabilities of some of the proposed filters, we haveeohas
medical image, namely an angiography image of the liver vein system, obtained
through a magnetic resonance technique (MRA). The original image, dglibe

CNN input, is shown in Fig.12(a). The image (b) was obtained at the outgbéeof

LP FIR filter (Fig.3) and the effect is hardly visible. The image (c) is obtaimed

a very selective LP IIR filtering (Fig.9(b)) and is visibly blurred, all theefitetails
(small blood vessels etc.) are smoothed out. Such a filtering can be combthed w
non-linear operations, to extract some basic features of the image. If thge ima
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H(®) H,(m,m,)

(©) (d)
Fig. 11. (a) 1-D prototype filtetN = 3); (b), (c) 2-D filter frequency response and contour plot; (d)
1-D prototype filter N = 5).

passed through a sharp circularly-symmetric BP filter (Fig.10), we get thgeima
(d), in which both low- and high-frequency components are eliminated.

6 Conclusions

An efficient and convenient method was proposed for designing 2-N §atial

filters with circular symmetry. The method relies on a frequency transformation
which starting from a 1-D prototype, realized either in a FIR or IR versgan-
erates the corresponding 2-D filter, specified by the spatial transfetiéi in the
frequency planedy, w;). Therefore, in order to design a circularly-symmetric filter
with given specifications, we simply have to determine the template parameters for
the 1-D prototype. Then, the templates for the 2-D filter will result from a simple
linear combination of matrices. An important advantage is the fact that thédrans
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© | @
Fig. 12. (a) MRA image; (b) filtered with the LP FIR filter; (c) filtered with thedesctive LP IIR filter;
(d) filtered with the selective BP IIR filter.

function of every 2-D filter designed using this technique can be facthreagch
that the filtering can always be realized in several steps, corresgptud@lemen-
tary templates.
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