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Methods for Electrodynamic Problem in
Time-Varing Medium
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Abstract: In this paper the finite differences in time domain and the integral
equation in time domain approaches for calculation of an electromagnetic signal
propagation in an active media are investigated, accuracy and stability com-
parison of these methods are examined. Special computer modeling software is
developed for realization of the numerical experiments.
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1 Introduction

Electromagnetic propagation in media with time-varying parameters is of in-
terest for many applications: shock waves, strong laser fields, nuclear burst,
atmospheric or environmental change and others [1, 2, 3]. In order that
these phenomena can be exploited for engineering benefit there is a need to
simulate them. The investigation of nonstationary electromagnetic signal
propagation is made by various methods based on integral transformations
from a frequency domain into a time domain as well as by handling Maxwell
equations or equivalent in the immediate time domain. The latter is prefer-
able, especially in that cases when nonstationarity is determined not only by
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an initial signal but also by change of medium parameters (for example, a
permittivity and a conductivity). As a rule, an exact consideration of elec-
tromagnetic processes in media with the time-varying parameters is possible
in special cases only. In general case, an initial electromagnetic problem can
be investigated by numerical methods.

For a problem solving in the differential statement the FDTD method
has received wide recognition [4]. FDTD methods are popular due to their
clarity and elegant realization in numerical algorithms. Indeed, it is difficult
to identify areas in electromagnetic theory where FDTD-based methods have
not been applied. However, an undesirable feature of FDTD schemes is the
time instability during long integration times [5].

An alternative approach reduces a problem to integral equations [6, 7,
8, 9], which are equivalent to Maxwell’s equations. The integral equations
approach seems to have a more promising future in terms of both reflection-
free realization and stability. An advantage of the integral equation method
is that it can be generalized to nonlinear dispersive materials. This is po-
tentially of importance for non-linear applications of semiconductor optical
amplifiers. The aim of this work is to compare both differential and integral
approaches for calculation of a nonstationary electrodynamic problems by
solving test problems using both methods and comparing results with the
exact analytical solutions.

2 Problem Formulation

An electromagnetic field exists in unbounded medium while. Permittivity
of the medium is and conductivity equals to zero. After initial moment of
time the permittivity and conductivity depend on time as and respectively.
The electrical field has to be computed after by using two algorithms Finite-
Differences in Time-Domain (FDTD) [4] and the Volterra integral equation
in time-domain method (VIETD) [6, 7, 8, 9]. The differential and the inte-
gral equation formulations of the 1D nonstationary electromagnetic problem
follow.

2.1 Differential form

The differential equation for the problem can be obtained from the Maxwell
electrodynamics equations
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Initial conditions are

9 (e.m), (2)

0
—(€E0) = at

ot

where ¢ is speed of light in free space.
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It’s more convenient for calculation to use dimensionless quantities 7, €
instead of the time and spatial coordinates ¢, z:
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where k is the scaling factor with the wave-number dimension, v = ¢/+/e.
Substituting (3) to the equation (1) we obtain
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According to [4] the stability criteria for the FDTD algorithm is: A1 <
A& in passive media. In this work the 2A7 = A¢ relationship is used.

2.2 Integral form

The Volterra integral equation for the problem is obtained from the Maxwell
electrodynamics equations [10, 11]
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In dimensionless quantities (3) it has the form
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after integration by spatial axis we obtain

¢
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As in [11], we assume a uniform external grid on the coordinate plane
(1,€) with 67 = A&. The integration paths in equation (8) are then straight
diagonal lines, which pass through the nodes in the grid. More detailed this
approach is described in [11].

3 The Description of the Software

For the automation of the calculation, original software based on abovemen-
tioned methods is created. The program has sophisticated graphical user
interface, which is realized in Borland C++ Builder environment and is very
effective for the modeling of wave propagation in the nonstationary media
with different laws of parameter change. This software is a further develop-
ment of those proposed in [12] and presents some uniform tool for analysis of
one- dimensional nonstationary problems in both dispersive and nondisper-
sive media whose properties depend on temporal coordinates. The software
includes different numerical algorithms for solving the problem and allows to
compare results and to analyze algorithm’s accuracy on test problems. The
idea of software architecture is a high flexibility for further development and
update. This is practically realized by using object oriented programming
concept where all types of input data, algorithms of numerical calculations
and modules of analysis are realized as special class libraries.

4 Numerical Results

In general, the considered methods and the developed software enable us to
consider an initial field with an arbitrary time?spatial dependence. Here for
the test purposes we consider only a plane wave as an initial field: Ey(7,€) =
cosw(t — &), w = 1. For all experiments the grid spacing is A7 = 0.05. In
followed sections different types of the medium change are investigated.
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4.1 Modulation of the medium by power low

Consider medium with parameters a? = 1/(1 + g7)* and b(r) = 0. Let
g = 0.2. An exact solution for this case is known [13]

e % T . . T
m [cos (W) + (i — g)sin (1 +g7)]'

The absolute and relative errors parameters for the computed fields are
presented in Fig. 1.

E(T,f) =

|:|,|:||:|2:_E_________:_________+________;_________:_ o.ooz2 I3
1
E o.oo1
-0.ooz2 4.4
-o.oo4 . 0,001 3
-0,006 o
-0,00% ;
-o0,001 -4
0,01
-o.oo01
0,012
o001 -o0,002
T
f AbeEmor; FD TL e bsEor: VIETD —%— AheEmor: FOT D =—— A heError: VIETD
(a) (b)

R
Bl

—r— RelEmor: FO T s E o lErTor: VIET D

(c)
Fig. 1. (a) Absolute errors for x = —1.0. (b) Absolute errors for ¢ = 10.0. (c) Relative
errors for x = —1.0.

In this paper the relative numerical error is calculated as the ratio of
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the absolute error to the greatest value of field. The computation results
show that VIETD algorithm has better accuracy than FDTD, which is more
sensitive to significant changes of the medium parameters. But calculation
time for the FDTD program is smaller.

4.2 Step changing of the medium parameters

Consider medium with parameters a®> = (1) = Af(7) and b(r) = 0. Let

A =1.1. An exact solution for this case is known [11]
a2 a’b
E(1,¢) :%e_TT{UL + 1) cosw(ht — &) + (h — 1) cosw(hT + &)
2
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where h = a4/1 — (ab/2w)? and w is the wave frequency of Fgcosw(t — &).
The absolute and relative errors parameters for the resulting fields are

presented in Fig. 2.
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Fig. 2. (a) Absolute errors for z = 0.0. (b) Relative errors for z = 0.0.

Obtained results show that when medium parameters are constant there
is almost no difference in accuracy for the realized algorithms and both meth-
ods give similar results.

4.3 Modulation of the medium by periodical impulses

Consider temporal variation of medium parameters as a finite sequence of
the periodic rectangular pulses originating at the zero moment of time. We
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assume that the medium parameter a(7) acquires the value A; respectively
on the disturbance intervals (n - 1)T' <7 <T1+(n—-1)7T,n=1,...,N
and the value Ay on the quiescence intervals 71 + (n — 1)T < 7 < nT,
n=1...,N

a(t) = Ao+ (A1 — A0) > _{6[r — (k = 1)T] - 6[r — Ty — (k— 1)]},
k=1
b(r) = 0.

Here, 6(t) is the Heaviside step function, 7" is the duration of the period of
change in parameters, T is the duration of the disturbance interval. The
exact solution to this problem is given in [9].

Let Ag=1, Ay =12, Ty =2, 9 =0.5, N =20. The resulting fields are
presented in Fig. 6.

—>—Field E: WIETI —— F&ld E:FDTD

Fig. 3. Electric field E for z = 0.0 (Bold line is exact solution).

The calculation results demonstrate that the solution, obtained by the
basic FDTD algorithm, is not stable and crashes when the medium parame-
ters change abruptly, while VIETD algorithm successfully overcomes points
of discontinuity.

5 Conclusion

The FDTD and VIETD algorithms were realized. Comparison of the two
different approaches for solution of the 1D nonstationary electrodynamics
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problem was considered. Accuracy and stability of these methods were in-
vestigated via comparison of the numerical solutions with the exact one on
the test problems. Numerical results for the different medium parameters
and initial fields have been presented.

An original software for the computer modeling of electromagnetic wave
propagation in a time-varying medium for arbitrary initial fields and different
laws of changing in medium parameters has been developed. The software
environment allows implementation of different calculation schemes for the
1D nonstationary electrodynamics problem.

The results obtained in this paper show that FDTD algorithm is more
sensitive to significant change of the medium parameters, where VIETD
algorithm provides better accuracy. Also VIETD algorithm is more stable
when medium parameters change abruptly.
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