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Abstract. The paper presents the automated design of active RC and programmable
filters. The approximating function is derived using Chebyshev orthogonal polynomials of
the first kind. Optimization is performed using symbolic manipulation of expressions
inputted into computer algebra system. The code is in the form of template notebook, and
the user should specify the minimal number of numeric values, such as the number of
second-order filter sections, the pass-band edge frequency, the reflection coefficient, and
the preferred values of component values.
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1. INTRODUCTION

Analog filters are frequency-selective electrical circuits that are used to pass or reject
a single sinusoidal signal component or a portion of the signal frequency spectrum [1].
Many different technologies may be used to implement analog filters. Also, many differ-
ent physical components can be used for implementation. In practice, the values of filter
components will diverge from the ideal and the filtering results may be different from the
expected frequency response.

It is important to choose a filter structure and filter components with low sensitivity to
the errors in the intended implementation technology in order to provide high production
yield and low production cost. For that reason, the filter approximation, the design and
tuning procedure should be appropriate for the intended technology. Therefore, the filter
approximation, that is a mathematical description by the system of equations, should be
appropriate for optimization and centering. Automated synthesis, tolerance analyses, and
redesign procedure for improving the production yield or robustness to temperature
changes are of great importance for production of efficient filters.
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At an early stage in the design process it is important to estimate the effect of compo-
nent tolerances and parasitic elements, and also to estimate the changes affected by the
temperature and aging [2, 3].

Numeric filter design software offers many solutions, and the proposed implementa-
tions may be inadequate for the chosen implementation technology [1]. For example,
classic filter approximations may be inadequate to guarantee that the implemented filters
will work well with real components or for temperature changes. Software environment
with appropriate additional algorithms, as reasoning-based intelligent system, is the only
solution for automated successful filter production that combines mathematical models
(approximation), synthesis (computation of component values), and analysis of compo-
nent imperfections. Currently, over thirty mathematics software products are widely ap-
plied. These mathematics software products can be divided into two categories. The first
type of software environments are called computer algebra systems (CAS) such as
Mathematica [4] that features on mathematical analysis, symbolic computation, formula
reasoning and are capable of computing the analytical solution to mathematical problems.
The second category is the numerical analysis software such as Matlab.

The main benefit of canned software, such as FDATOOL in Matlab, is that one does
not have to know the mathematical theory in order to apply the numerical methods for
solving real-life problems. On the other hand, computer algebra systems are well suited
for teaching analog systems and solving real-life engineering problems and they are just
examples of the theory applied for practical solving circuit devices [5]. Symbolic formu-
lation of microwave circuit equations by a computer algebra system [4] can be presented
from educational viewpoint [6], and the symbolic derivation of microwave network mod-
els can be incorporated in the numeric software tool for three-dimensional space electro-
magnetic circuit simulation.

Knowledge for filter synthesis can be accessible as script code so that the user can
modify, improve, optimize commands for filter synthesis, such as the software described
in [1] and [7]. Numeric only software tools can be usually used for the design and synthe-
sis without possibility to change or adapt the software code for specific applications.

In Section 2 we first define the knowledge for generating approximating function. In
section 3, we present how the knowledge is built into the computer algebra system. In
Section 4, we illustrate automated synthesis of active opamp RC filters.

2. APPROXIMATION

Continuous-time active RC filters are suitable for integration into the analog front end
of mixed mode VLSI (Very-Large-Scale Integration) chips, simple design using pro-
grammable analog and SC (Switched Capacitor) integrated filters, or as the classic analog
filters such as active opamp RC (operational amplifier, Resistor and Capacitor). The
design procedure is usually based on the sensitivity and tolerance analysis [8] — [14] in
order to manufacture robust filters, to increase the production yield and to minimize the
cost of mass production. The sensitivity and tolerance analysis allows the designer to pre-
dict variations of the filter performances and to predict the production yield (which is
defined as a ratio of the number of manufactured filters satisfying the specification to the
total number of manufactured filters) [1].
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The most general form of low-pass prototype all-pole filter transfer function is

K
H,(s)=——

H(s—sr)
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The filter order is n, K is a constant to specify the attenuation at s=0 (for example 0 dB),

and the poles of the transfer function are
s, =0, +jo,, re{l,2,3,..,n}. 2)
The squared magnitude response is
1
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The denominator of the squared magnitude response is a polynomial in ®, with real con-
stants. The parameter ¢ determines the attenuation at the pass-band edge, and it can be given as

g=—, )

p is the pass-band reflection factor.

The characteristic function, 4,(), is normalized to 1 at the pass-band edge frequency, w,
An(ml’) =1 (5)

The squared magnitude response of proposed class becomes
4,(0")= Db, T, (o), (6)
r=0

T () is the even 2r-th-order Chebyshev orthogonal polynomial of the first kind, and
b,, are real coefficients.

The approximation procedure begins with the criteria of the minimum of the ratio of the
reflected power and the transmitted power is obtained by minimizing the following integral

Iy (@) = [ p(©) 4, (0")d(w). (7

In the following derivations, p (w)=1/+/1-»’ is the weighting function. Firstly, we

define a function using conditions of the proper prototype low-pass approximation for
odd order
hoohy) =
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where A and A, are Legendre multiplications.

Next, we derive partial derivatives and set a system of equations that should be solved
in terms of b(), bz, b4, b6, e s bz,,
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The squared norm, 4,, of the orthogonal Chebyshev polynomial is defined by 75{(w),
r=0,1,2,3,...

h, = p(@)7T,, ()T, (0)d(w) r=0,1,2,3,.. (13)

& Sy —

The integration gives the values of 4, in terms of », where

hO =T[, r=0 . (14)
that is

r

ho= g r=1,2.3, .. (15)

Let us design a filter of the order n = 6 with p=0.25. The poles of the transfer func-
tion are computed using equations (4)-(12). The characteristic function of this filter is
presented in Figure 1. It is important to note that attenuation oscillates around 0. This type
of approximation cannot be implemented using a lossless LC filter because it has negative
attenuation (gain) in the pass-band.

=20log,, (17 (jw))) (dB)
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Fig. 1. Magnitude response in dB in the passband.

Figure 2 illustrates the attenuation, which increases monotonically in the stop-band
because the transfer function is the so-called all-pole filter function.
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Fig. 2. Attenuation of the sixth-order filter.

3. AUTOMATED BUILDING KNOWLEDGE FOR GENERATION OF TRANSFER FUNCTION

The design procedure presented in some papers can be very simple, but it may not be
so simple to implement that knowledge in the numeric software, especially when some
special functions are used or the closed form solutions of the integration are required.

In this section we present how the knowledge from the previous section is built into a
computer algebra system such as Mathematica.

First of all, the code in Mathematica is in the so-called notebooks that can be used as
template for modification and simple adaptation to different applications. It is very important
to specify the minimal number of parameters, so that the main code can be used with mini-
mal changes. For example, we are going to design filters that consist of second-order sec-
tions (called biquads), and at the beginning of the code we specify the number of biquads
that are restricted by implementation requirements, say the number of biquads is 3 (Figure 3).

nBiquads = 3;

n = 2 nBiquads;

b = Table[ToExpression[StringJoin["b", ToString[r]]], {r, 0, 2n, 2}]

(b0, b2, b4, b6, b8, bl0, bl2}
Fig. 3. Initialization and automated generation of coefficients.

The filter order is two times larger, and all coefficients in equation (6) are generated as
a list of variables. The list of symbols consists of the specified letter b, while the even
numbers from 0 to 27 are appended to b. An input cell contains the code and output cell
produces the result — the list of coefficients.

The next input cell, Figure 4, defines the approximation according to equation (6) using
automatically generated list of coefficients and special function — Chebyshev polynomial.
Using the command Plot, the characteristic function is obtained as shown in Figure 1.

The next step is to create the function that can be used for optimization, see Figure 5.
We may use the list of coefficients, and two additional parameters according to equation
(8), but the polynomial is defined as unknown function pP of two arguments. The integral
cannot be solved because the function pP is unknown. Nevertheless, the partial deriva-
tives can be defined according to equations (9) and (10), as shown in Figure 6.
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n
az = Z (b[[x +1]] ChebyshevT[ 2x, w]) | // Simplify // Flatten // Factor
r=0
b0 - bl0 +bl2 -b2 + b4 - b6 + b8 + 5010w - 72bl2w? + 2b2 W’ -
8bdw’ + 18b6w’ - 32b8w? - 400b10w? + 840b12 w* + 8 b4 w? - 48 b6 w? +
160b8w? + 1120b10w® - 3584 b12w® + 32 b6 w® - 256 b8 w® - 1280 10w +
6912b12w® + 128 b8 w® + 512010 w'? - 6144 b12 w0 + 2048 b12 w2

Fig. 4. Building the knowledge of approximation.
n 2
® =£{[§b[[r+1]] PP[2 T, w]]] dw -

LOZ(b[[r+l]]pP[2r, 0]) -

r=0

L1 [-1+Z (b[[r+1]] pP[2 =, 1])}

r=0
1
J- (bO P[0, w] + b2 pP[2, w] + b4 pP[4, W] +
4}

b6 pP[6, w] + b8 pP[8, W] +b10pP[10, W] +b12pP[12, w])2 dw -
L0 (bOPP[0, 0] +b2pP[2, 0] +b4pP[4, 0] +b6PP[6, O] + b8 PP[8, 0] +
b10 pP[10, 0] +b12pP[12, 0]) -
L1 (-1+b0pPE[0, 1] +b2pP[2, 1] + b4 pP[4, 1] +b6PP[6, 1] +
b8 pP[8, 1] +b10pP[10, 1] +b12pP[12, 1])
Fig. 5. General form of optimization function.

The unknown function is replaced by the corresponding polynomial in the last step, by
substituting the head of the function (name of the function) by the appropriate symbol for
the special function. This way we can identify the numbers associated to the parameters in
equations (9) and (10).

egB = Table[D[¢, b[[r+1]]], {z, 0, n}] /. pP[x , 0] » ChebyshevT[x, 0] /.
pP[x , 1] -» ChebyshevT[x, 1] /. pP[x , Vv ] - ChebyshevT[x, V]

2bl0 2Dbl2 2b2 2b4 2b6 2Db8

{zbof—f— - - —— - —— - —— -L0-1L1,
99 143 3 15 35 63
2b0 206b10 98bl2 14b2 38b4 26b6 134Db8 L0 - L1
s - L = - -
3 9009 6435 15 105 315 3465 !
2b0 46Db10 106bl2 38b2 62b4 34b6 158Db8 L0 - L1
s - o = - -
15 1365 5355 105 63 99 2145 !
2b0 €bl0 358bl2 26b2 34b4 142b6 22Db8
-—— - - -— - + - —— +L0-11,
35 85 11305 315 99 143 65
2b0 326b10 46bl2 134b2 158b4 22b6 254Db8 LO - L1
s - - - o= - -
63 969 665 3465 2145 65 255 !
2b0 398Db10 54bl2 206b2 46b4 ©6b6 326Db8
-—— - - - - - +L0-11,
99 399 161 9009 1365 85 969
2b0 54Dbl0 574bl2 98b2 106b4 358b6 46Db8 Lo Ll}
143 16l 575 6435 5355 11305 665

Fig. 6. Partial derivatives and substitutions.

The partial derivatives to other parameters can be realized in a similar way, see Figure 7.
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eqL = {
D[¢, LO] /. pP[x_, O] -> ChebyshevT[x, 0],
D[¢, L1] /. pP[x , 1] -> ChebyshevT[x, 1]
}

{-b0+Db1l0-bl2+b2-bd +b6-b8, 1 -b0-bl0 -

Fig. 7. Partial derivatives of other parameters.

The list of all partial derivatives, denoted eqs in Figure 8, is obtained using the com-
mand Join. In order to form a system of equation, all partial derivatives should be set to
be equal to 0. The solving of automatically derived system of equations is possible using
the command Solve, as illustrated in Figure 8.

soll = Solve[eqs, parameters] // Flatten

145685 37903 555713 22933
{b N , b2 = ,bds ——— b —,

1572864 196 608 3145728 131072

232883 52003 260015 1024 1
b8 » —, - —, - —_ - -, 4—}

1572864 393216 3145728 135135 45

Fig. 8. Solving the system of equations.
Numeric values of all parameters after optimization of the integral (7) are known, and the
characteristic function and the transfer function can be obtained by simple substitution of the
parameters into equation (6). The characteristic function is obtained as shown in Figure 9

aw = a2 /. soll // Simplify

w? (73003 +51051w? - 277134 w* + 646646 w° - 676039 w® + 260015 wlo)
1536

Fig. 9. Approximation after substitution of the coefficients with solved values.

The passband ripple is specified by entering the value of the reflection coefficient.
According to equation (3), the characteristic function is defined in Figure 10

kw=(l+e2xaw) /. w->TIw

w2(73003751051w27277134w47646646w67676039w87260015W1T
23040

1-

Fig. 10. Characteristic function in the s domain.

The transfer function contains poles from the left-half-plane in the s domain, see Fig-
ure 11.
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rw =w /. Sort[NSolve[kw == 0, WorkingPrecision - 64]];
rwl =rw[[1l ;; Length[rw] / 2]]

-0.538203 -0.274387 1
-0.538203 +0.274387 i
-0.385336 - 0.760416 1
-0.385336+0.760416 1
-0.137409-1.05048 1
-0.137409 +1.05048 1

Fig. 11. Selection of the poles from the left s plain.

Squared pole frequencies and pole Q-factors are computed using code illustrated in
Figure 12.

wp2 = Table[rwl[[i]] rwl[[i+1]], {i, 1, Length[rwl] -1, 2}] // Chop;

N[%, 16] // MatrixForm

vp2 = Table[-rwl[[i]] -xwl[[i+1]], {i, 1, Length[rwl] -1, 2}] // Chop;

[0.3649503915020269‘

0.7267164987467748
1.122388432121841

r

]
vp2
% // MatrixForm

op = N|

0.56123
1.106e15
3.855

Fig. 12. Squared pole frequencies and pole Q-factors.

4. AUTOMATED SYNTHESIS

The number of possible realization structures is practically infinite. The knowledge
based design should be carried on by precise rules. Therefore, the best filter structures are
built into specific containers. For example, there are several filter structures that are se-
lected according to the pole Q-factor [1]. In the case when the universal filter section is
more preferable than specific sections, general purposes biquads can be used.

Suppose that the implementation requirement is to use the simplest biquad with the minimal
number of components (one operational amplifier, two resistors, and two capacitors), the ca-
pacitors from the standard set of values, and with the minimal ratio of resistor values. The next
step is to define a function for synthesis, see Figure 13. The function returns the component
values in terms of the pole-frequency and the pole Q-factors. One capacitance can be chosen
from the standard list, while parameter P can be selected in optimization.
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designlPLQ[Qp , wp , Cx , P ] := Module[

{C2, c4, R1, R3},
C4 = Cx;

> 1+P?
C2 =20p°Cx |1+ ;

2p
1
RlTL = ——8
wp Cx Qp (1 + P)

R3 = PR1;

(R1, C2, R3, c4}];

Fig. 13. Function for synthesis

The design procedure is very simple when computer algebra system is used. Firstly, all
components can be expressed as a function of unknown parameter P. By solving the
equation so that the value of the second capacitor is equal to the value from the standard
list of capacitance values, the parameter P is computed. The whole list of standard ca-
pacitance values can be searched until the optimal value for P is obtained. The imple-
mentation requirement is to have P from the range 0.1<P<10, but the value closest to 1 is
the best solution. Using the proposed procedure, all component values are computed for
the frequency normalization to 4100 Hz, so that the passband edge frequency is 4100 Hz,
see Figure 14. The filter topology and design procedure are the same as in [1].

4.7 nF 15 nF 180. nF
X 1 I
10.1 23k0 11BkOP 34O T

2.7nPI 2.7nPI

Fig. 14. Synthesized the sixth-order filter.

All capacitances connected to the + node of the amplifiers are chosen to be 2.7 nF,
while other capacitances are obtained by optimization. All P parameters are from the
range 2<P<3.3. In order to prevent nonlinear distortion at the outputs of amplifiers, that is
the amplitude of the sinusoidal signal cannot be larger at any amplifier output than at the
filter input, the design provides no gain at any biquad outputs (important when large sig-
nals are processed [1]). The maximal attenuation in the passband is less than 12 dB (im-
portant when large signals are processed [1]). The proposed method provides the filter
design with small resistances ratio (P<3.3), predefined values of 50% of used capacitance
(2.7 nF), the minimal value of the maximal attenuation in the passband at biquad outputs
(less than 12 dB). The whole procedure is automated and only a minimal number of pa-
rameters have to be defined, for example the number of biquads and filter specification.

The next step can be the sensitivity analysis. Since all parameters are defined as symbols,
the sensitivity analysis is simple because the sensitivity functions are already programmed and
they can be used as build-in knowledge [1]. Instead of optimization resistance ratio, the gain-
sensitivity can be optimized [1], or the sensitivity to element values [5].

71
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5. CONCLUSION

The filter analysis and design theory are very well established in many textbooks and are
available through canned numeric software. In this paper an automated knowledge based
filter synthesis is presented. The basic idea is to build knowledge of computer algebra sys-
tems by coding formulas. All parameters are kept as symbols until the moment when the
numeric values should be computed, say to plot frequency response.

The approximation function can be any rational function, and some parameters can be
optimized for preferred criteria, such as the minimum of the ratio of the reflected power. The
rational function can be replaced by appropriate function, such as Chebyshev polynomial.
The knowledge of preferred filter structure has to be a part of filter synthesis knowledge; the
most suitable structure is selected from the collection of schematics, with the description as
system of equations and the corresponding transfer function. Higher order filter can be de-
signed using simpler cascaded filter blocks. The decision is made on filter parameter or im-
plementation requirements such as the simplest implementation, the element values from
predefined or standard set of values, or the minimal sensitivity.

The future work is to develop software that will be available for the usage of web based
computer algebra systems.
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