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ELLIPTIC HALF-BAND IIR FILTERS

Miroslav Lutovac and Ljiljana Mili�c

Abstract. The present paper shows that by a bilinear transformation of

elliptic minimal Q-factors analogue �lters the IIR half{band �lters could be

obtained, having twice less number of multipliers with respect to the standard

realization. By adjusting the frequency axes of the analogue and digital �lters

we achieve that the transfer function poles of the IIR �lter lie on the imaginary

axis of the z-plane, thereby the half of coe�cients in the denominator of the

transfer function reduces to zero. Hence, the �lters could be realized with

a decreased number of multipliers. The following realization structures were

considered: cascade, parallel, the structure based on the parallel connection

of two allpass networks and the wave digital lattice. The e�cient realization

for �lters separating 1/3 of the band is also presented. The IIR �lters derived

from the elliptic analogue prototype of minimal Q-factors have approximately

minimal radii of poles compared to other elliptic �lters. It was shown that

e�cacious �lters of very good characteristics could be realized, which divide

the operating band in the ratio 1:2 or 1:3.

1. Introduction

The �lters dividing the operating frequency range of the discrete sys-

tem into two equal parts are known as half{band �lters. Half-band �lters

are applied in multirate systems and particularly in the cases when the re-

lationship between the sampling frequency in some parts of the system is

2p, p being an integer [3]. These �lters are also used for the decimation in

A/D conversion. As it is known [3], the FIR �lters are most often used as

half{band �lters due to the suitability in saving the number of arithmetic

operations and also due to linear phase. The realization of economical IIR

half{band �lters is of importance when it is not necessary to respect the

phase, but it should be kept in mind that with IIR �lters it is possible to

realize entirely linear phase characteristic [8].
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The aim of this paper is to show that it is possible to realize half{

band IIR �lters where the number of arithmetic operations is also decreased

for a half, but that simultaneously very good amplitude characteristics are

realized.

Elliptic IIR half{band �lters were also considered in [1], [11], [4] where

the problem of the transfer function synthesis was solved through the speci�c

realization based on the parallel connection of two allpass networks. Starting

from the characteristic of this realization that not only its transmittance, but

also its reectance can be a transfer function, the �lters with poles on the

imaginary axis were obtained, decreasing the number of multipliers to a

half. The realization with the reduced number of multipliers was obtained

in parallel connection of two allpass networks [1], and in wave lattice digital

�lter [11], [4]. Very good results from [1], [11], [4], regard only some de�nite

realizations. The question arises how to form the transfer function of the

elliptic half{band �lter on the basis of the given characteristics which will

in di�erent structures enable the realization with the reduced number of

multipliers.

This paper started from a simple assumption that by placing the poles

on the imaginary axis of the z-plane the number of coe�cients in the denom-

inator of the transfer function can be halved. Since at present the real parts

of the poles are equal to zero, all odd coe�cients of the transfer function are

also equal to zero. Such a transfer function of the IIR �lter is most simply

obtained by applying the bilinear transformation to the analogue prototype

having the poles on the circle in the s-plane, if an accurate relation between

the frequencies of the analogue and the digital �lter is established [9]. The

corresponding analogue prototype is the elliptic �lter of minimal Q-factors

[9], [7]. The paper also presents the application of these transfer functions in

various realizations: cascade, parallel, the realization based on the parallel

connection of two all pass networks, and in wave lattice digital �lter. In all

the cases half{band �lters are obtained with a reduced number of multipliers,

which is illustrated through examples.

Through the application of bilinear transformation to the elliptic ana-

logue prototype of minimal Q-factors [9], [7] digital �lters with arbitrary

boundary frequencies could be obtained. The paper displays that in a dig-

ital �lter which separates 1/3 of the used band the half of multipliers is

substituted by a constant whose value is 1/2. Thereby an e�cacious com-

bination of low-pass and high-pass �lters for the division of the band in the

ratio 1:3 is obtained.

The paper is subdivided into six chapters. In the next chapter the

de�nitions for half{band �lters are introduced. Third chapter describes the
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application of elliptic analogue �lters of minimal Q-factors for forming the

transfer function of the IIR half{band �lter. The fourth chapter analyses

the properties of the amplitude characteristic of the IIR �lter which follows

from the so formed transfer function. The �fth chapter is devoted to the

problems of realization. The sixth chapter presents �lters for the separation

of one third of the band.

2. De�nition of half{band �lters

The de�nition of half{band �lters was introduced for FIR �lters and is

based on the symmetry in the pass-band and the stop-band [3]. If we denote

by Fa and Fp the normalized boundary frequencies of the pass-band and the

stop-band, for half-band �lters it must be:

Fa =
1

2
� Fp (1)

the normalization being made with respect to the sampling frequency. The

approximation error for the magnitude response jH(ej!)j in the pass-band

and the stop-band is made equal:

�p = �a (2)

It should be noticed that the ripple in the pass-band amounts to 2�, i.e.

according to the de�nition for FIR �lters it is two times greater than that in

the stop-band. In the middle of the band, the magnitude response reduces

to a half: ���H
FIR

(ej�=2)

��� = 1

2
(3)

It is known [8] that the IIR �lter could be realized in such a manner to

have a linear phase characteristic. It is also known that the analogue elliptic

�lter of minimal Q-factors [9] has the frequency response equal to the ripple

in the pass-band and the stop-band. On the basis of these statements it

is easy to conclude that by a bilinear transformation of elliptic minimal Q-

factors analogue prototype, with the corresponding adjustment of frequency

scales a half{band IIR �lter could be obtained, which will correspond fully

to already established de�nition; the only di�erence would be that the ripple

of the magnitude response in the pass-band and the stop-band will be equal.

�p = �a = � (4)

The �lter characteristics plotted in Fig. 1 are de�ned with respect to

the squared magnitude response, which means that they are valid in full for

IIR �lters of linear phase [8].
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3. Application of elliptic minimal Q{factors
analog prototype �lters

The elliptic IIR �lter is obtained in the simplest way from the prototype

of the analogue �lter by applying the bilinear transformation:

s = k
z � 1

z + 1
(5)

where by the appropriate choice of the constant k the desired ratio between

particular characteristic frequencies of the analogue �lter prototype and the

respective digital �lter could be established. The aim is to select the pro-

totype analogue �lter which will upon the application of transformation (5)

fully satisfy the speci�cations of the half{band �lter according to Fig. 1 and

equations (1), (2), and (4). The corresponding prototype for given speci�ca-

tions is the elliptic minimal Q-factor �lter. It is shown in [9] that in elliptic

minimal Q-factors �lters the following is valid:

�
2 =

1

L
(6)

where � is the ripple factor and L the value of the square of module of

characteristic function of the �lter at the stop-band edge. Since:

�p = 1�
1

1 + �2
(7)

and

�a =
1

1 + L
(8)

from (6), (7) and (8), it follows directly that for this class of �lters the

tolerances in the pass-band and in the stop-band are equal, and therefore

relation (4) is satis�ed.

Next, it should be indicated that by applying the bilinear transforma-

tion (5) constant k could be chosen in such a way that frequencies Fp and

Fa satisfy condition (1). The selection of k will be adjusted according to

frequency F0= 1/4. From [9] it is known that for frequency 
0 =
p

a the

square magnitude response is 1/2. It means that condition (3) can be satis-

�ed provided we ensure through the selection of k that 
0 be mapped into

!0 = 2�=4. It means that we have:

k =

0

tan(!0T=2)
=

p

a

tan(�=4)
=
p

a (9)
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Such a selection of k satis�es equation (3). Now we should �nd that

for every given k frequencies Fp and Fa satisfy simultaneously condition (1),

too. The pass- and stop-band boundary frequencies of the analog prototype

�lter are placed at the points sp = j
p = j1 and sa = j
a (s plane).

By implementing transformation (5) these points will be mapped into

the respective points in the z-plane, zp and za. If we take into account that

zp and za lie on a unit circle of the z-plane, as well as that frequencies Fp
and Fa are contained in the arguments of complex variables zp and za, we

arrive directly at the solution:

arg(zp) = 2�Fp = 2 tan�1
1

p

a

(10)

arg(za) = 2�Fa = 2 tan�1
p

a (11)

where from, keeping in mind the known relation from trigonometry,

tan�1(1=x) = �=2 � tan�1(x) it follows directly that Fp and Fa satisfy

the condition of symmetry de�ned in (1).

We can state that by applying the bilinear transformation with k =
p

a

the analogue �lter of minimal Q-factors is mapped in the half{band IIR

�lter with speci�cations de�ned with respect to the square of the magnitude

response, in accordance with Fig. 1.

4. Characteristics of the elliptic half{band �lter

The poles of an elliptic half{band �lter lie on an imaginary axis of the

z-plane. It is shown that the root-loci of poles for the analogue prototype

�lter, the circle of radius
p

a in the s-plane, is mapped by the bilinear

transformation into the segment of the imaginary axis [�j;+j], if k =
p

a

is assumed, as determined in (9). The circle equation in the s-plane: jsj =p

a, upon the application of the bilinear transformation (5) yields:

p

a =

p

a

����z � 1

z + 1

���� (12)

Equation (12) is satis�ed only when z is purely imaginary number. Fre-

quencies �j
p

a from the s-plane correspond to points �j, the poles lying

between these points. The accurate pole locations can be obtained by a

bilinear transformation of exact expressions from [10], so that the poles lie

in points zi on the imaginary axis

zi = �j

0i(
a + 1)


a +
2

0i
+
q

(1� 
2

0i
) (
2

a
� 
2

0i
)

(13)
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where 
0i are the attenuation zeros in the s-plane. For an analogue �lter of

order n=2m3q , m,q=0,1,2 ..., there are simple explicit expressions for calcu-

lating attenuation zeros [5] without resorting to Jacobean elliptic functions

or iterative procedures.

Ref [8] shows that the analogue �lter of the minimal Q-factor is mapped

into the IIR �lter with the minimal radius of the pole which also regards the

half{band IIR �lters. Let us denote by Ap the maximal variation of the �lter

attenuation in the pass-band in dB, which in keeping with Fig. 1 amounts

to:

Ap = �10 log(�p) (14)

and by Aa the minimal attenuation in the stop-band in dB:

Aa = �10 log(1� �a) (15)

If �p and �a satisfy relation (4), the ratio between the attenuations in

the pass-band and the stop-band must be:

Ap = �10 log
�
1 +

1

10Aa=10 � 1

�
(16)

Figure 2 displays as an illustration the family of amplitude characteris-

tics for the fourth-order half{band �lters. Obviously the ripple in the pass-

band and the stop-band for a given �lter order increases with the increment

of selectivity.

Fig. 1. A half{band �lter.
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Fig. 2. A family of amplitude characteristics
of the fourth{order half{band �lters

In designing the half{band �lter the boundary frequency and attenu-

ation in the stop-band are most often assigned. The aim is to select the

optimal order of the �lter which will satisfy the assigned demands. For the

calculation of Aa it is necessary to determine the module of the characteris-

tic function L, which is easily obtained from expression provided in [10]. For

calculating L in [10], it is necessary to assign the order of �lter n and the

value of the boundary frequency of the stop-band of an analogue prototype


a. In the case of a half-band digital �lter 
a is calculated on the basis of

Fa or Fp and expression (9), so that:


a =
1

tan2(�Fp)
= tan2(�Fa) (17)

Figure 3 displays the family of curves calculated for �lters from the

second to the 12th-order. The diagrams show a minimal attenuation in the

stop-band Aa in function of the boundary frequency Fp.

5. Realization of the IIR half{band �lters

Half{band IIR �lters have the poles in the imaginary axis of the z-

plane. Therefore, to represent the pair of conjugated complex poles, only one

parameter is su�cient. A lot of realization structures are thereby simpli�ed.

In papers [1], [11], [4], the realizations of half{band �lters are provided, based

on the parallel connection of two allpass networks, where it was shown that
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the realization with two times less multipliers is possible, provided the poles

of the transfer function lie on the imaginary axis. The procedure exposed

in the present paper provides straightaway a transfer function satisfying the

set requirements having the poles on the imaginary axis. Thus, the selection

of the realization structure is not limited in advance as with [1], [4]. We will

analyse di�erent realizations:

Fig. 3. Design curves for half{band elliptic IIR �lters.

1. Cascade realization: Since the transfer function poles lie on the imag-

inary axis and the zeros on the unit circle of the z-plane the second-order

section can be realized with only two multipliers. Namely, since the pole

is on the imaginary axis, the odd coe�cient in the feedback branch van-

ishes, while the transfer function zero on the unit circle enables the

realization of a direct branch with only one coe�cient, di�erent from

unity. The cascade realization with the reduced number of multipliers

could be applied for the implementation of transfer functions of the even

and the odd degree.

2. Parallel realization: The paper [6] shows that the residues in the

poles for half{band �lters are of odd order, either purely real or purely

imaginary (in conjugated pairs). When the residues in poles are ei-

ther real or imaginary, the direct branches of the second-order sections

of parallel realization (formed by separating the transfer function into
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partial fractions) have only one multiplier di�erent from zero. Similarly

to the cascade realization, the odd coe�cient in the feedback branch is

equal to zero. So in a parallel realization we get biquadratic sections

with only two multipliers. Thus, in the parallel realization the reduced

number of multipliers is obtained for odd-order �lters. Additionally,

in downsampling applications, the parallel structure permits the com-

putation in the direct branches to be evaluated at the lower sampling

rate.

3. Realization based on a parallel connection of two allpass networks:

Half{band �lters realized by a parallel connection of two allpass net-

works are provided in [1]. The general conditions for the transfer func-

tion of the half{band �lter are approximated by an allpass function. The

procedure obtained for forming the transfer function is purposeful and

regards the realization based on the parallel connection of two allpass

networks. On the basis of the procedure for forming the transfer func-

tion exposed in the present paper the same transfer function is obtained

as in [1]. The transfer function must be of the odd degree to be real-

ized as a parallel connection of two allpass networks. Allpass networks

are realized by a cascade connection of the �rst and the second-order

allpass sections. This realization in the case of the half{band �lter is

most economical since the second-order section is realized with only one

multiplier and the �rst-order section without the multiplier. It must be

kept in mind that in this realization the sensitivity of the amplitude

characteristic in the stop-band is bigger than in the cascade or parallel

cases.

4. Wave digital lattice �lters: [11], [4] provided the procedure of de-

signing half{band �lters based on the wave digital lattice. Starting from

the fact that the transmittance and the reectance of the network can

be taken in this realization as the transfer functions, the procedure for

designing half{band �lters was arrived at. The transfer function of the

half{band �lter, stemming from the procedure exposed in the present

paper, is the same as that in [11], [4]. The �lter which must be of an odd

order is realized by means of two allpass branches. Allpass branches are

then realized through a cascade connection of the �rst and second-order

sections. Similarly to the previous case, the second-order sections have

one multiplier each. Like the previous realization, the wave digital lat-

tice has considerable sensitivity of the amplitude characteristic in the

stop-band.

Figure 4 o�ers comparative characteristics of two elliptic �lters realized

with practically equal number of multipliers, having the same boundaries



52 Facta Universitatis ser.: Elect. and Energ. vol. 9,No.1 (1996)

in the pass-band and in the stop-band and the same attenuation in the

stop-band: Fp=0.22, Fa=0.28, Aa=57 dB. They are: the ninth-order half{

band elliptic �lter and the standard �fth-order elliptic �lter. The �fth-order

�lter reaches attenuation in the stop-band from 57 dB provided the maximal

attenuation in the pass-band is Ap=2.5 dB, while the half{band �lter reaches

the same attenuation in the stop-band with Ap=0.000008316 dB. Apart from

that the half{band �lter has the pole radius of 0.9367, while the �fth-order

�lter has 0.9563. Figure 5 shows various realization structures of the half{

band �lters from Fig. 4.

Figure 5 displays four di�erent realizations of the half{band �lter from

Fig. 4, while Table 1 presents the survey of a number of multiplying con-

stants and adders in realizations of the ninth-order half{band �lter and the

standard elliptic �fth{order �lter.

Table 1.

Number of

Realization multipliers adders

n = 9 n = 5 n = 9 n = 5

cascade 9 8 13 10

parallel 9 8 9 10

parallel connection of 4 5 13 14

two allpass networks

wave latice digital �lter 4 5 13 16

According to Figs. 4 and 5 and Table 1, it is obvious that the method

proposed for designing the IIR half{band �lters enables the increase of the

�lter order not augmenting the number of arithmetic operations. Thereby

a very sharp selectivity i achieved and practically a at attenuation char-

acteristic in the pass-band. The radius of the pole is practically minimal

in comparison with other elliptic �lters which is of importance for the ef-

fects occurring due to the �nite word length. It is important to stress that

the proposed method of designing IIR half{band �lters provides directly the

transfer function and it is not conditioned by a particular realizing structure

as is the case with [1], [11], [4]. It makes possible the free choice of the real-

izing structure. In such a way the �lters in parallel or cascade realizations

could be directly designed. Apart from that, the transfer function order

could be either even or odd unlike the methods of [1], [11], [4], which are

valid only for odd order �lters. It is of importance for the cascade realization

because in this realization there are no particular savings in the number of

operations for odd order �lters.
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Fig. 4. Attenuation characteristics of the 9th-order half{band
�lter and of the standard elliptic 5th-order �lter.

Fig. 5a. Cascaded realization of 9th-order half{band �lter.
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Fig. 5b. Parallel realization

Fig. 5c. Realization of half{band �lter based on a
parallel connection of two allpass networks
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Fig. 5d. Wave digital �lter realization.

6. Filters for 1/3 band

This chapter will show that very economical digital �lters separating

1/3 of the band could be obtained by a bilinear transformation of the elliptic

minimal Q-factors analogue prototype.

Through a bilinear transformation of the elliptic minimal Q-factors ana-

logue prototype digital �lters of arbitrary boundary frequencies could be ob-

tained. So by selecting k according to (9) a half{band �lter is arrived at,

which is under consideration in the present paper. Some other k provides

di�erent boundary �lter frequencies. The root-loci of poles in the z-plane,

instead of the imaginary axis in the half{band �lter, is now the circle, orthog-

onal with a unity circle, its center being on a real axis [7]. The tolerances of

the amplitude characteristic in the pass-band and the stop-band are equal

like in the case of the half-band �lter. By selecting k:

k =

p

a

tan(�=6)
=
p
3
a (18)

the �lter is obtained whose operating band is subdivided into ratio 1:3. The

�lter attenuation at frequency F3dB = 0:5=3 is 3 dB and the boundaries of
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the pass-band and stop-band are linked with expression:

tan2 �F3dB = tan�Fp tan �Fa

=
1

3

(19)

When this �lter is realized as a parallel connection of two allpass net-

works, or as a lattice wave digital �lter, considerable savings in the number

of multipliers could be achieved. Namely, it is shown that the half of multi-

pliers is substituted by a constant whose value is 1/2. We will analyse the

realization based on the parallel connection of two allpass networks with the

second-order sections from [2].

The transfer function of the elliptic �lter of the odd degree can be

represented in the form:

H(z) =
H0(z) � H1(z)

2
(20)

where H0(z) and H1(z) are allpass functions and the sign + is for the low-

pass and sign � for the high-pass �lters.

Allpass functions H0(z) and H1(z) can be realized by a cascade connec-

tion of the �rst and the second-order sections. Sections provided in [2] are

suitable due to their good features regarding the �nite word{length e�ects.

These sections are canonic because they have only one delay and one mul-

tiplier of the �rst order and two delays and two multipliers for the second

order. Coe�cients �i and �i for the second order sections are calculated

through pole parameters zi = rie
j�i [2]:

8<
:

�i = r
2

i

�i = �2
ri cos �i

1 + r
2

i

(21)

For �lters whose poles lie on the circle in the z-plane it is shown that for

all second-order sections constants �i are equal and are directly calculated

from F3dB:

�i = �
1� tan2 �F3dB

1 + tan2 �F3dB
= � cos(2�F3dB) (22)

In the case of the �lter separating one third of the band in equation

(22), F3dB = 0:5=3 will be substituted, which yields:

�i = �
1

2
(23)



M. Lutovac and Lj. Mili�c: Elliptic half{band IIR �lters 57

With this value for �i, (n�1)=2 multiplications are replaced in the �lter

by a shifting operation, because the �lter has in total (n-1)/2 second order

sections.

Figure 6 provides an example of the 7th-order complementary low- and

high-pass �lter pair. Output y
LP

gives the low-pass and output y
HP

high-

pass �lter. This complementary pair of �lters is realized with only three

multipliers. Three constants in the second-order sections have the values

-1/2 and are realized by the shift operation, the multiplying constant in the

�rst-order section being approximated with shift-and-add operations (0.2679

� 1/22+1/26). The classical solution for the seventh-order �lter, if realized

by the parallel connection of two allpass networks, requires 7 multipliers

[2]. Thus, the application of the transfer function derived from the analogue

prototype of minimal Q-factors provides a very economical solution for a

complementary �lter pair for one third of the band.

Fig. 6. Realization of the 7th-order complementary
low-pass, yLP , and high-pass �lter yHP .

Figure 7 displays the attenuation characteristics of a complementary

pair of �lters, whose realization is given in Fig. 6. It should be noticed that

the attenuation curves cut at point F3dB = 0:5=3 and that the attenuation
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of both �lters at that point is 3 dB. For the square magnitude characteristic

we can, thus, write:

jH(ej�=3)j2 =
1

2
(24)

Generally, the characteristic of the �lter pair corresponds to the general

presentation given in Fig. 1 and by formulas (2), (3) and (4). Only boundary

frequencies shift. So F3 dB in a half{band �lter is 0.25 and for �lter from

Fig. 7 it is F3dB = 0:5=3 = 0.16667.

Fig. 7. Attenuations of the 7th-order complementary
�lters: F3 dB = 0.5/3, Fa = 0.18, n=7.

7. Conclusion

The method presented shows that in half{band �lters it is possible to

decrease the number of multipliers for a half. It is achieved with elliptic

�lters if a �lter of minimal Q-factors is selected for the analogue prototype.

The IIR �lter obtained has a very at amplitude characteristic in the pass-

band with a possibility of a small transition zone between the pass-band

and the stop-band. It is of importance that the pole radius is approximately

minimal which stems from a bilinear transformation of the minimal Q-factors

analogue prototype. The decrease of the number of multipliers follows from

the fact that transfer function poles lie on the imaginary axis of the z-plane.

This feature can be used for the realization with doubly less multipliers

in the following structures: cascade, parallel, the realization based on the

parallel connection of two allpass network and in wave lattice digital �lters.
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By a bilinear transformation of the elliptic analogue prototype of minimal

Q-factors very economical �lters could be obtained, too, for separating of

one third of the band. In these �lters, provided they were realized by a

parallel connection of two allpass networks a half of constants has the value

-1/2. Therefore, the paper displays that by a bilinear transformation of

the analogue prototype of minimal Q-factors the �lters with the decreased

number of multipliers are arrived at, in the case of a half{band �lter and

when one third of the band has to be selected. These results are of interest

for the sampling rate alteration because they provide e�cacious �lters for

ratios 1:2 and 1:3 or their multiplies. Due to good characteristics of the

�lters proposed and having in view the economy of realization, they could

be expected to be applied in multirate systems.
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