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Abstract. In this paper we consider surface bending using program package
Mathematica. Bending and infinitesimal bending of surfaces are considered. Infinitesimal
bending of rotational surfaces is considered using Cohn-Vossen’s method. The results
obtained by solving differential equations are presented graphically.

As an example of non-rigid surfaces Belov’s surface is pointed out. Belov’s non-rigid
toroid is drawn at Mathematica. The surface that is infinitesimal bending of the
Belov’s toroid is also given. Field of infinitesimal bending for this surface is also
considered. The joint circles generated by the apices of Belov’s quadrangle, deformed
to the curves that are not circles are also given.
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INTRODUCTION

Bending of surfaces is a kind of deformations of surfaces under which a surface is
included in a family of isometric surfaces. Characteristic well-known example is bending
from helicoid to catenoid. In fact, these two surfaces are the beginning and the end of a
deformation through isometric minimal surfaces [3]. This deformation is given using
symbolic manipulation program Mathematica (Fig. 1).

Infinitesimal bending of surfaces is a kind of deformations of surfaces at R® under
which arc length of curve on the surface is stationary. The surface S is included in a family
of surfaces S¢, € [0 [0,1) so that dse — ds = o(€), or &s =0, i.e. arc length has zero variation.

Infinitesimal bending of surfaces is the subject of the investigation both at the field of
building mechanics and also in the theory of deformation of surfaces, a part of differential
geometry. Infinitesimal bending of surfaces is relatively rarely considered using computer
graphics. It is certainly the case that computers can be effective supplement to pure
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thought, because the graphs they can make provide insights into complex relationships.

We will here use Mathematica to draw accurate pictures of infinitesimal bending of
surfaces. The results obtained at [1], [4] and [5], made "by hand" will be used here. We
will enlarge them here with some more calculations.

1. INFINITESIMAL BENDING OF ROTATIONAL SURFACES

Many works at the theory of deformations of surfaces are dedicated to the problem of
infinitesimal bending of rotational surfaces. The problem of generating the field of
infinitesimal bending is for this class of surfaces reduced to the problem of solving the
system of ordinary differential equations. We will consider infinitesimal bending of
surfaces using Cohn-Vossen’ s method, which is the basic for rotational surfaces.

The special coordinate system with the orthonormal base e,a(v),a'(v) is introduced.
The axe of rotation has the ort e , and ort a(v) Ue at O. The relation between initial
base and the new one is

& =k,a(v)=cosvi +sinvj,a'(v) = —sinvi +cosvj .



Analysis of Bending of Surfaces Using Program Package Mathematica 17

At (e,a ) plane we consider a curve C which is meridian of rotational surface S,
C: p = p(u). The equation of the surface generated by revolving of the curve C is:

S:ru,v)y=u e +pu) av). (1.1)
Infinitesimal bending field of the surface S', z(u,v) is
Z(u,v)= a(u,v) e +Bw,v) aw)+ y(u,v) a '(v). (1.2)

The next theorem is in force:

Theorem 1.1. Necessary and sufficient condition for a field z(u,v) to be a field of
infinitesimal bending of rotational surface S is that the functions O(u,v),(u,v),
Y(u,v) satisfy the system of partial differential equations

o, (u,v) +p'(u) B, (u,v)=0,
BGu,v) +y, (u,v) =0, (1.3)
av(usv)+ pv(u) (BV(M,V) - V(”av))"'p(“) yv(M,V):O.

The functions a(u,v), B(u,v), Y(u,v), are periodical functions with respect to v with
period 21t They can be developed in Fourier series:

aes) = 5 e .

B = 3¢ W), (1.4)

k=—c0
g ikv
y(u,v) = ze Xk(u)’
k=—c0
where ¢ (1), Wi(v), Xi(u), k O Z, are complex functions. The field z(u,v) can be written as

) = kieik”[%(u)a Y @)a () +x, (0a' )] = kzm €Zwy) (1)

where
Z () =[O, W)e + P, a() + X, wa' )™, k0Z (1.6)

The next theorem is in force [2]:
Theorem 1.2. The functions &y (u), W(w), Xu(w), kO Z, satisfy the next system of
differential equations

0% ) +p' @) () = 0, (u) + kX, (1) =0,
ik (u) + ' () [tk () = X ()] + P()X ' () =0,
and the functions W (u), X(u) satisfy the same differential equation of the second order

PGOW," (@) + (K =1)p" ()W () =0, (1.8)

(1.7)

or

P()X " (u) + (k> =1)p" )X (u) = 0. (1.8)
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2. INFINITESIMAL BENDING OF BELOV'S TOROID

It is known that circular torus is rigid. Among the surfaces that are topologically
equivalent to torus, K. M. Belov pointed to the class of non-rigid surfaces. At [1] K. M.
Belov considered infinitesimal bending of a toroidal surface of revolution, generated by
revolving of the meridian in the shape of a special quadrangle, and among them pointed to
the class of non-rigid surfaces with convex meridian. The class of non-rigid surfaces
topologically equivalent to the torus was enlarged at [6] with toroidal surfaces with
polygonal meridian. We will here consider non-rigid toroids according to [4].

Theorem (K. M. Belov [1]) The quadrangle B, with apexes A(-1,b), B(0,b + cy),
C(1,b), D(0,b — c;), rotates around u-axis of the coordinate system u O p. Necessary and
sufficient condition for the non-rigidity of the toroid rotational surface generated by the
meridian B is

2
L 1 kownks2 2.1)
Cz Cl b

b, c1, ¢, are positive parameters.

Belov's surface consists of cones generated by the sides of Belov’s quadrangle.
Revolving AB generates S;), and by revolving BC, CD, DA , the parts S, S(3), S4), are
generated respectively. The equations of the Belov's surface are

Sqy < 7y (W, v) = Py () cos vi + gy () sin vj +uk =

[b+ ¢, (u+1)]cosvi +[b+c,(u+1)]sinvj +uk, u0[-1,0], vO[0,27,
Se) 72y ,v) = [0+, (1=u)]cosvi +[b+c;(1=u)]sinvj +uk, u0[0,1],v 0[0,21]
Sey t 7ay (U, v) =[b+cy (u =1)]cosvi +[b+c, (u=1)]sinv +uk, uO[0,1],v D[0,277
Seay 74y ,v) =[b =, (u+1)]cos vi +[b—c, (u+1)]sinvj +uk, uO[-10],v0[0,277

At the figure 2. Belov's toroid is given. In this case k=2, b =1, ¢; =1/2, ¢, =1/6.
Deformed surface S, S, for the field z(u,v), has the equation

Se 17 (u,v,€) =r(u,v) +z(u,v). (2.2)

For the field z(u,v), according to [4], we have at the part of Belov's surface generated
by AB:

_ M, . .
Zay:zay(u,v) =[2(u = P)M cos kv cos v = 2(P —u)Tlsm kv sin v]i

+[2(u — P)M cos kvsin v + 2(P — u)%sin kv cos v]j

—2¢,M u cos kv/;,u d[-1,0],v0[0,2T],
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Fig. 3. shows this infinitesimal bending field.
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Fig. 3. Fig. 4.

Deformed Belov's toroid is Sg (Fig. 4.), and the parts of it are S, i = 1,2,3,4. We can
finally determine the toroid that is infinitesimal bending of the Belov’s toroid

4
Se = EJIS(i)S s Swe THie =Ty (U, v) H€2(;) (u,v)
1 . . -
Sme ={[b+c;(u+1)]cosv +2€(u — P)M, (cos kvcosv + ;sm kvsinv)}i

+{[b+c,(u+1)]sinv+€2(u+ P)M,(—coskvsinv +%sinkvcosv)}]_'

+[u +&(=2¢,M yu cos kv)lk ,u O[-1,0],v 00,271
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Sy =A[b+ e (1-u)]cosv —2€(u + P)M (cos kvcosv +%sinkvsin )i

+{[b+c,(1-u)]sinv+&2(u+ P)M,(—coskvsinv +%sinkvcosv)}j_'

+[u +€(=2¢,M yu cos kv)k,u 0[0,1],v 00,271,

Figure 5. shows the parts Sg)e,S(4) of the bent toroid for € = 0.1 and Figure 6. the parts
Sa)Se
Siz)e =A[b+cy(u—1)]cosv +2€(u — Q)M (cos kvcosv +%sin kvsinv)}i
+{[b+c,(u—-1]sinv+e2(u —Q)M, C—l(coskvsinv —%sin kvcosv)}j
=)

+[u +&(=2¢,M u cos kv)lk, u 0[0,1],v 00,21

1 -
Saye ={[b—cy(u+D]cosv —2¢e(u + )M, z—;(coslwcosv +;sinkvsinv)}i

+H{[b—cy(u+1)]sinv+€2(u+Q)M, C—](—coskvsinv+%sin lwcosv)}]'
G

+[u +&(=2¢,M u cos kv)Tk,u O[~1,0],v 0[0,27]

Fig. 5. Fig. 6.

The apeces of the Belov's quadrangle circumscribe the circles revolving around the
axes. Both this circles and the curves that are infinitesimal bending of them are given on
the Figure 7.



Analysis of Bending of Surfaces Using Program Package Mathematica 21

Fig.7.
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ANALIZA SAVIJANJA POVRSI UZ KORISCENJE
PROGRAMSKOG PAKETA MATHEMATICA

Ljubica S. Velimirovié¢

U radu se razmatra savijanje povrsi uz koriséenje programskog paketa Mathematica.
Predstavijen je poznati primer savijanja katenoida do helikoida . U radu se razmatra beskonacno
malo savijanje rotacionih povrsi uz koris¢enje metoda Kon-Fosena. Rezultat dobijen resavanjem
diferencijalnih jednacina prikazan je graficki.

Specijalno, nacrtan je primer nekrutog toroida Belova . Polje savijanja dato je graficki, a
takodje i deformisani toroid,kako po delovima, tako i u celini. Krugovi spajanja koji su generisani
temenima Belovljevog cetvorougla deformisani u krive koje nisu krugovi su takodje dati.

Kljucne reci: savijanje, beskonacno malo savijanje, toroid, polje beskonacno malog savijanja



