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Abstract. Geotechnical performance of "soil-structure" systems is strongly dependent 
on the properties of the soil and prediction of the performance of these systems in real 
conditions requires accurate modeling of soil parameters. With the help of high-speed 
computers, now it is possible to create advanced constitutive models, but large 
uncertainties and variations in soil properties could reduce the advantages gained by 
using such models. In this paper sources and types of uncertainty in geotechnical 
engineering practice are first presented, followed by a review of the basic concepts and 
terminology of geostatistics. Finally, procedures for quantification of uncertainty and 
for geostatistical estimation and simulation of spatially variable soil properties are 
presented. 
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1. INTRODUCTION 

Prediction of the performance of "soil-structure" systems in real conditions requires 
accurate modeling of the geotechnical components in these systems. In recent years, a 
significant progress has been made in the field of constitutive modeling of materials. With 
the help of high-speed computers, now it is possible to create complex elasto-plasticity 
based constitutive models which give very accurate description of material behavior. 
However, the increasing number of model parameters, which are sometimes very dificult 
to obtain experimentally, have certain disadvantages. Uncertainty associated with the soil 
properties could reduce the advantages gained by using advanced and more sophisticated 
models. For example, Fig. 1 shows influence of material fluctuations on a bilinear elastic-
plastic "stress-strain" behavior. The same material model could predict softening (a) or 
hardening (b), depending upon the material parameters considered in calibrating the 
model [1].  
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Fig. 1 Influence of material fluctuations on "stress-strain" behavior 

During the process of computer-aided modeling it is necessary to implement verifica-
tion and validation procedures. Verification represents the process of determining whether 
the products of a given phase of the software (model) development cycle fulfill the re-
quirements established during the previous phase, and model accurately represents the 
author's concept. At the end of the software (model) development process, validation 
checks the degree to which a model is an accurate representation of the real world (Fig. 2).  

The soil properties can be described using deterministic or probabilistic models. De-
terministic models use a single discrete value for the parameter of interest. Probabilistic 
models describe parameters by using discrete statistical descriptors of probability distri-
bution (density) functions. 

 
Fig. 2 Verification and validation in computer-aided modeling 
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EUROCODE 7 offers two different procedures of calibrating partial safety factors to 
incorporate soil variability in geotechnical design (Fig. 3). Procedure 1 involves the ap-
plication of deterministic (historical and empirical) methods. Procedure 2 involves the 
application of semi-probabilistic or full probabilistic methods. The most general and ac-
curate method is the full probabilistic analysis [2]. 

  
Fig. 3 Consideration of soil variability in geotechnical design in EUROCODE 7 

It is important to emphasize that implementation of these methods does not preclude 
the effects of uncertainty of principal influential factors, but facilitates their quantifica-
tion, and therefore, their inclusion in the modeling process. The first step in this process is 
identification of potential sources of uncertainty in the values of geotechnical soil pa-
rameters [3]. 

2. SOURCES OF UNCERTAINTY IN GEOTECHNICAL SOIL PARAMETERS 

Uncertainty in geotechnical soil properties can be grouped into random (aleatory1) 
and subjective (epistemic2) uncertainty (Fig. 4). Aleatory uncertainty represents the natu-
ral randomness of a soil property and is a function of the spatial variability of the soil 
property. This type of uncertainty cannot be reduced or eliminated. Epistemic uncertainty 
results from a lack of information and shortcomings in measurement and calculation[4]. 
Sampling uncertainty is present because the parameters are estimated from a limited set of 
data, while testing uncertainty is due to imperfections of an instrument or of a method to 
register a quantity. Epistemic uncertainty can be reduced by collecting more information 
or improving measurement methods. Human error would be considered a third source of 
uncertainty, however, as it is difficult to isolate, its effects are usually included in compi-
lations of statistics on aleatory uncertainty. 

                                                 
1 lat. aleator – gambler 
2 gr. επιστημη – knowledge 
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Fig. 4 Sources of uncertainty in geotechnical soil parameters 

As an example, Standard Penetration Test (SPT) procedure includes sources of alea-
tory uncertainty in the measured SPT resistance occurring due to the natural variability of 
the soil deposit and random testing errors (such as that caused by a presence of an erratic 
boulder). Sources of epistemic uncertainty could include non-standard equipment and in-
sufficient data to form reasonable statistics (such as one boring over a large site) [5]. 

Over the years geotechnical engineers have developed several strategies for dealing 
with uncertainty. They include: (1) "by ignoring"; (2) "by being conservative"; (3) "by 
using observational method" or (4) "by quantifying the uncertainty" [6]. Quantification or 
mathematical description of uncertainty is usually done within the framework of prob-
ability theory, where random soil parameters are modeled as random variables. Geotech-
nical engineering by its nature demands tools, which can improve design and help handle 
the large uncertainties inherent in soil properties better. One such tool, which can be re-
garded as a set of statistical estimation tools for modeling the spatial variability of a 
quantity, is geostatistics.  

3. MODELING BY GEOSTATISTICS 

Geostatistics, as a methodology for estimating recoverable reserves in mining depos-
its, was mathematically formalized by French professor Georges Matheron 1963, inspired 
by the pioneering work of South African mining engineer D.G. Krige in the 1950's. Esti-
mation of recoverable reserves has to be made based on very sparsely sampled informa-
tion. The ratio of the volume of samples from exploration boreholes to the volume of an 
ore deposit is on the order of 1x10-9. Yet, recoverable reserves have to be reliably esti-
mated based on this information, and decisions made on investing large sums of money 
into developing the deposit. Geotechnical engineering has similar concerns. The volume 
of samples extracted for characterizing soil masses constitutes only a minute fraction of 
the volume of material that impacts engineering behavior. The engineering properties of 
soil masses are heterogeneous, varying from point to point. But as a rule, geotechnical 
engineers assume properties to be the same throughout a domain. It is however well 
known that use of averaged parameter values can lead to conclusions, which significantly 
differ from actual behavior, and it is acknowledged that more accurate knowledge of the 
spatial distribution of material properties promotes safe and economic design. 

The spatial distribution of geotechnical properties in natural soil deposits is difficult to 
predict deterministically. Limited sampling further complicates prediction of soil proper-
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ties. Conventional statistical analysis of core samples from a site investigation program 
might show that measured cohesion values can be described by a normal distribution. 
However, this distribution only describes the population of values gathered; it does not 
offer any information about which zones are likely to have high cohesion values and 
which areas low values. 

Geostatistical analysis examines spatial relationships in addition to establishing statis-
tical distribution of data. In the given example, geostatistics can reveal how cohesion 
varies over distance, and can predict localized zones of high and low cohesion values. 
Application of geostatistics will lead to more ready incorporation of the inherent uncer-
tainty of soil masses into numerical models and into the design process in general.  

Phoon and Kulhawy (1999) [7] proposed a simple model for description of spatial 
variation of soil properties: 
 ξ(z) = t(z) + w(z) + e(z) (1) 

where: z - depth; ξ(z) – in situ soil property; t(z) – deterministic trend function; w(z) – de-
viation from trend (random component); e(z) – measurement error. These components are 
presented in Fig. 5. The trend (t) can be determined by fitting a smooth deterministic 
function (straight line, parabola, exponential) to the data. Measurement error (e), whether 
it be from laboratory or field measurements, can introduce additional variability into soil 
properties. The scale of fluctuation (θ) describes the spatial fluctuation of the property of 
interest about the trend. A parameter with a short scale of fluctuation changes rapidly with 
position, while a long scale of fluctuation indicates low spatial variability of the property. 
For both laboratory and field measured data, the scale of fluctuation in the horizontal di-
rection is much higher than in the vertical direction [8]. 

 
Fig. 5 Spatial variation of soil properties  
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Among the spatial interpolation (geostatistical estimation) techniques, a process called 
Kriging [9] is the most useful. If soil property data are available at specific locations, it is 
possible to estimate the value of that property at other locations through Kriging. The goal 
of Kriging is to predict the average value of X at specific point of soil mass. If X1,X2,...,Xn 
are known values of parameter at the points x1,x2,..., xn defined by coordinates, then the 
estimated value of parameter at point x is given by: 

 ∑
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If the point x is close to point xk , then the weight βk (associated with known value Xk) 
would be high. However, if X(x) and Xk are in different soil layers, then βk should be 
small. The weights βi are determined by using correlation coefficient between two points 
since this reflects not only distance but also the effects of differing geologic units [10]. In 
Fig. 6 is given a simple example of Kriging procedure of estimation of the value of the 
parameter in the point x which is equally distant from the points x1, x2 and x3 in which the 
values of the parameters are known and amount to 1, 2 and 3. In the case (a) the distance 
between the points x2 and x3 is 20 m, and the value of the parameter in the point x esti-
mated by Kriging is 1,767. In the case (b) the points x2 and x3 are at the distance of 174 
m, and the estimated value (by Kriging) of the parameter in the point x is 2,000.  

 
Fig. 6 Kriging estimation of parameter value at point x  

However, if soil property data is not available at specific locations, but "only" distri-
bution and autocorrelation function for the data are known, geostatistical simulation tech-
niques can be used to generate the values of that property at other location. The value es-
timated by Kriging procedure then can be viewed as one of ghe values of he function of a 
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random variable. Geostatistic simulation, applying the Monte Carlo method (MCM) [11] 
generates other values and take into account only those meeting previously defined crite-
ria. In the general case, the MCM procedure can be divided into the following steps: 

• choice of a model that will produce a deterministic solution to a problem,  
• identification of all the independent variables and choice of input parameters whose 

variability will be modeled by the probability distribution functions,  
• repeated estimation of input parameter values which are in accordance with the 

corresponding distribution functions, 
• repeated solving of the problem using the deterministic model,  
• determination of statistic indicators of the calculated value of X (mean value µX, 

standard deviation σX, distribution function fX(x)). 
Solution of this simulation is in principle "sensitive" to a number of iterations. The 

higher the number of iterations, the more accurate the solution. The required number of 
iterations increases by geometrical progression, with the increase of the number of input 
parameters and required level of reliability of solution. For example if the required level of 
reliability is 90%, the required number of iterations for one variable (input parameter) will 
be 67, for two variables 4521, and for three variables 304007. However, the practice 
demonstrated that in almost all cases, even in those with multiple input parameters and high 
required reliability level, the solution becomes "stable" after first several thousand iterations 
[12]. With computers becoming faster and faster, MCM is becoming increasingly attractive. 

Geostatistic simulation can help geotechnicians to assess the risk introduced to calcu-
lations by the indeterminacy of soil parameters. The spatial arrangement of realizations 
(obtained values) of variables (parameters) obtained during simulations can be introduced 
to numerical models and used for estimation of this risk. 

4. CONCLUSIONS 

For geotechnical engineering, one of the most significant potentials of geostatistic 
analysis is creation of relatively simple but accurate models of inhomogeneous material on 
the basis of a limited range of data obtained from the available samples from the given 
location. It is known that the most challenging task in exploration of some location is de-
fining of such a sampling program, which would incur minimum cost and simultaneously 
facilitate the best insight of the conditions in the underground soil. This task is more easily 
done if potentials of geostatistic in defining of the optimal distribution of sampling/testing 
points are used, in order to obtain as much information at as low a price as possible.  

Geostatistic analysis provides a 3-dimensional visualization of spatial variability of soil 
parameters, through creation of maps with data on the parameter values and their distribution 
across the surface or in the mass of the soil. By drawing contour maps of standard deviations 
of estimated values of this parameter at the places where the samples have not been taken 
and tested, zones of increased uncertainty (due to higher standard deviations) can be 
observed. On the basis of this knowledge, a geotechnical engineer can ask for the additional 
samples of these zones, with the goal of a more complete analysis of soil conditions.  

Geostatistics is an applied discipline, its development has been the work of mining en-
gineers, petroleum engineers, soil scientists, hydrologists as well as statisticians, so there 
are successful applications to a variety of fields. As example, application of geostatistical 
analysis to Channel Tunnel Project enabled the careful assessment of geological risks, and 
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was used to improve the originally proposed alignment of the tunnel [13]. If there were 
any doubters to the usefulness of geostatistics for geotechnical engineering, this project 
should have helped ease their fears. 
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MODELIRANJE PROSTORNE NEODREĐENOSTI 
PARAMETARA TLA PRIMENOM GEOSTATISTIČKIH 

METODA 

Nebojša Davidović, Verka Prolović, Dragoslav Stojić 

Geotehničko ponašanje sistema "tlo-konstrukcija" u velikoj meri zavisi od karakteristika tla, tako 
da predviđanje ponašanja ovih sistema u realnim uslovima zahteva precizno modeliranje parametara 
tla. Uz pomoć sve moćnijih kompjutera sad je moguće kreirati napredne konstitutivne modele, ali jako 
izražena neodređenost i promenljivost osobina tla može da umanji prednosti korišćenja ovakvih 
modela. U radu su prvo prikazani izvori i kategorije neodređenosti u geotehničkoj inženjerskoj praksi, 
a zatim su predstavljeni osnovni koncept i terminologija geostatističkih metoda modeliranja. Na kraju 
su prikazani postupci za kvantifikaciju neodređenosti, kao i za geostatističku procenu i simulaciju 
prostorne promenljivosti parametara tla. 

Ključne reči: Geostatistika, parametar tla, neodredjenost, modeliranje, verifikacija, validacija, 
Kriging, Monte Carlo Metod
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